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LONDON: 



PREFACE. 



No department of science has probably received 
more attention from scientific writers than Mechanics. 
There are numerous treatises on this subject in all the 
languages of the civilized world, adapted, apparently, 
to suit the intellectual and pecuniary means of all 
classes, and including the costly quarto and bulky 
octavo for the advanced mathematical student, as well 
as the sixpenny catechism for the use of children. 
Between these two extremes, books on the subject are 
innumerable. In adding one more to the number, the 
writer does not feel any apology to be necessary, 
because, in the first place, he is not aware that any 
other treatise, with the same quantity of matter, and 
with so many engravings, is to be had at so low a 
price ; and, secondly, if he has approached his subject 
with a proper appreciation of the prtnoiples u^ow 
which mecbaiiical science is based, \ie e-axi ^<i«x^^l 



IV PREFACE. 

fail to convey to the diligent and attentive reader some 
idea of their grandeur, breadth, and generality. 

In every scientific work where principles are fairly 
laid out, the reader can supply facts and illustrations 
for himself; and he may take it as the test of hig 
progress, if, while thinking of the principle, facts rise 
spontaneously in his mind to illustrate it ; or if, while 
examining facts, he clearly perceive the operation of 
the governing principle. 

C. T. 

Bedford Place, AmpthUl Square, 
February, 1849. 
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MECHANICS, 



Part I.- STATICS. 



I. — ON STATICAL FORCES OR PRESSURES. 

1. A BODY is said to be in equilibrium when the forces 
which act upon it mutually counterbalance each other, or 
when they are counterbalanced by some passive force or re- 
sistance. Thus a body suspended from the end of a thread 
is in equilibrium, because the attraction of gravitation, which 
would cause it to fall, is counterbalanced by the resistance 
of the thread, and by that of the point of suspension. A 
body may be in equilibrium without any apparent resistance. 
Thus a fish may be in equilib;rium in the water, a balloon in 
the air ; but in such cases the weight which would cause the 
fish to sink, or the balloon to fall, is exactly counterbalanced 
by other forces which will be considered hereafter. We 
may, however, regard all bodies which appear to us to be 
4U rest, as being actually in a state of equilibrium, or equally 
balanced between or among forces which destroy each other. 
2. The conditions of equilibrium are determined by the 
science of Statics,* as regards solids ; and by Hydrostatics,^ 
as regards fluids. The laws which determine the motions of 
solids, form the science of Dynamics ;X while the laws of 
fluids in motion belong to Hydrodynamics, These four 
divisions form the science of Mechanics § in its widest 
sense ; that is, the science o^ forces, producing either rest or 
motion, 

• Trom ararbs, st&ndiDg still. t ¥rom vli«?, "w^X-ct , wA <ftaT>>\, 

X From d^a/us, force, § From, (aiix*"^) ^ 'oi^Si^'^^^* 

teektmic*. B 
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3. Forces that are balanced, so as to produce resty are 
called statical forces or pressures^ to distinguish them from 
moving, deflecting^ accelerating, or retarding forces ; t.e. such 
as are producing motion, or a change in the direction or 
velocity of motion. This distinction being whollj artificial, 
and made to facilitate study, must not mislead the student 
into the idea that these are different kinds of forces ; for the 
same force may act in any of these modes ; it may sometimes 
be a statical, and sometimes an accelerating force; but as 
the consideration of forces when balanced, is much more 
simple than that of motions, it is convenient to separate the 
former, and to confine our attention in the first instance to 
them, or rather to regard all forces in a statical point of view. 

4. Statical forces or pressures can, of course (like other 
quantities or magnitudes), be compared only with each other, 
but the ratio between any two quantities may be represented 
by the ratio between two other quantities, however different 
in kind from the first two : thus, two pressures may have 
the same ratio as two lines, or two surfaces, or two bulks, 
or two times, or two numbers ; and these last are found the 
most convenient class of magnitudes by which to represent 
the ratios of aU others. Now, when we represent magnitudes 
of any kind by numbers, we in fact compare them with 
some fixed or standard magnitude of the same kind, which 
we represent by the number 1 : thus, the units commonly 
used for comparing lengths, are inches, feet, miles, &c. ; and 
so also the units o£ pressure are ounces, pounds, tons, &c.* 

* In strictness, however, these terms do not properly express nnita oi 
pressure, but of mass (or quantity of matter); and they are used afl 
standards of pressure simply because the earth's attraction on a given 
quantity of matter is always the same at the same place, and differs bat 
slightly in different places. But we must not forget that the same mass, 
in a different situation (as regards latitude, or level), would gravitate 
with a rather greater or less pressure. (See Introdtidion to ike Study (tf 
JfcUural Philosophy, p. 67.) We must not therefore confound mass 
with weight, beeanae the same names ttte applied, to the units of both; 
^or, in Act, the unite of pressure are quite difttVxicttcoIIlt^i^io^^Vra^^ 



EQUAL AND OPPOSITE FORCES. d 

5. Forces maj also (like any other magnitades) be repre- 
sented by lines of definite lengths. A onit of length being 
taken to represent the unit of pressure, the length of the line 
represents the magnitude of the force ; but the line has this 
great advantage over a number,i — its direction represents the 
direction of the force ; and its commencement or extremitj, 
the point at which the force acts, or its point of application : 
thus, by a line, the force is completely defined in all its three 
elements ; while a number can only represent one of them, 
▼iz. its magnitvde. 

Agreeing therefore to represent a force by a number or a 
line, a double force would be represented by a double num- 
ber, or a line of double length, and so on. In this way 
farces can be brought under the domain of mathematical 
science, geometry serving to investigate their various rela- 
tions by means of lines, arithmetic by means of numbers, 
and algebra and trigonometry by the properties common to 
directions and magnitudes of all kinds. 

6* If two forces be in equilibrium at a point, they must 
be equal in magnitude, and opposite in direction. Two 
equal forces acting together, in the same direction, produce 
a doable force ; three equal forces, a triple force, and so on. 
But whatever number of forces may act upon a point, and 
whatever their directions, they can only impart one single 
motion in one certain direction. We may, therefore, incor- 

QB, ihow of xnaas ; juBt as the latter are derived from those of length, 
and all from that of time; the connexion being as follows : — 

1. A pound presiure means, that amount of pressure which is exerted 
towards the earth, in the latitude of London and at the level of the sea, 
1^ the quantity of matter called a pound. 

2. A pound of matter means a quantity equal to that quantity of 
pore water which, at the temperature of 62 deg. Fahrenheit, would 
oeeopy 27*727 cable inches. 

S. A cubic inek is that cube whose side taken 39*1393 times would 
rneasme the efiPectlYe length of a London seconds pendulum. 

4. A seconds pendulum^ is that which, by the \mAsm\A^ vcv\ \yxv.- 
opposed eSbct of its own gravity, would make &^,4Q^ Vi\)t^\A!(si:b& \sl ^s^ 
MrtUSeUI solMr dsj, or 8616809 in a natural aideToaV ^-J. 

B 2 



4 . THE RESULTAKT OF FOBCES. 

porate aU these single forces into one force, or resultant^ 
capable of producing the same mechanical effect as the forces 
themselves, which are called the c&mfonenU^ It is evident 
that if to a system of -forces a new force be added equal to 
the resultant, and acting in a contrary direction, equiHbrium 
would be maintained, 

. If, for example, a boat be moving by the force of the cur* 
rent, by the force of the wind, and by the oars, we may 
imagine a single force, such as a strong rope, to be attached 
to the boat, and drawn in such a direction, and with such a 
force, as the three forces together would produce. The cur- 
rent, the wind, and the oars ceasing to act, this rope would 
supply their place, and constitute their resultant. Now it is 
evident that to this resultant we may oppose another force; 
a rope, for example, acting or resisting with the same power, 
and in an opposite direction. The. boat would in such. case 
be as completely at rest as if it were at. anchor. It could 
neither go forwards, nor backwards, nor move to either side» 
until soiuen^w force should act upon it, or some change 
should take place in the existing forces. 

When any number of forces act at a point in the same 
straight line, and in the same direction, the resultant is 
equal to their sum ; if the forces act in opposite directions^ 
the resultant is equal to their difference. For example, let ; 
a point be pressed upwards with a force of 7 pounds, and \ 
downwards with a force of 4 pounds, the resultant is an 
upward pressure of 3 pounds. Let it receive pressures fi-om 
the east^ of 3 pounds, 6 pounds, and 10 pounds ; and from . 
the west, of 2 and 3 pounds. The resultant is, of course, a 
westward pressure of 3 + 6 + 10 — 2 — 3 = 14 lbs. If 
the forces in opposite directions be denoted by the opposite 
signs + and — , then the resultant is in all cases their alge- 
braical sum ; so that, having taken the arithmetical sum of 
the forces acting in one direction, and also of those acting 
In the contrary direction, the difference ot lli'e^&e awmi is the 
resultant force, and it acta in tlie dVcecVivoTi oil ^^ l<(]kt<:iiXk^ 
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Wj whieli form the larger sum. When the resultant = 0, the 

W fopees Imlance each other. 

*" Hence we may add eqnal and oppoeite forces at any point, 

M without aifccting a eystem of statical forces. This is called 
tlie Kuperposition of equUihrium. So also we may remove 
Irom any point in a system those forces which are equal and 
opposite, without disturb! og equilibrium thereby. 

7. Wlien two forces act upoo a point in different direc- 
tions, the resultant is found more easily by the geometrical 
method. It is obvious, in the first place, that the line repre- 
i«atiRg the resultant must lie in the same plane which con- 
tains the directions of the two forces ; for if not, on which 
side of the plane should it lie ? There is evidently notliiog to 
detemune it to one side more than the other. For the same 
reason, when the forces are equal., the resultant must bisect 
the angle between their directions, for it cannot be nearer 
caie than the other." Moreover, in all cases, whether equnl 
or not, we naturally expect that the nearer they coincide in 
direction, the greater will be the resultant, and vice versd ; 
and as their exact coincidence makes it equal their sum, 
while their exact opposition miikes it equal their diffei-' 
tnce, we conclude that in all intermediate positions it will 
be leas tlian their sum, and greater than their difference. 
But it is doubtful whether elementary mathematics will carry 
OS further than this without the aid of experiment,f which 
teaches ua the following heautiful law. 

Let the point P (fig. 1) be acted on by two forces, presa- 
ing in the directions p a and p b. From the point p, upon 
" TUg kind of proof, by what ia called the jirinciple of au^icifKt 
rtOKMi, is of very extenaive use in Mqchanics. 

t Tbe first experimeiiU for this purpose were mnde by Galileo, Id 
Hna boata, itt Venice, atiout the year 15!:<2. This was the Srat step in 
lodnoUve (or natural) science, or the firat direct ijueation put to nature, 
Ik lent dnco the time of Archimedes. But although this point was 
Ant determined hy experiment, it must be c\aBBei.\. s-tcoin^ ^\»kiwX. is 
ytttgm^ry tralbB, ftoiny deduciLlo from the HiitipU ^iVwii^ **«« la.^ 

■tt|g^ Tbo proof is loo loay (o be given tcTO- 
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the line p a, measure off any length p a ; and from the 
point p, upon the line p b, take a length p h bearing the same 
ratio to pa that the force b bears to the force a. The easiest 
way to do this is to make the lines Pa, pft, contain respec- 
tively, as many units of length (inches or feet, for example), 

Fig. 1. as the forces a b contain 

units of force (ounces or 
pounds, for exam^de). 
Through a draw a line 
parallel to p b, and 
through h draw a line 
parallel to p a, and sup* 
pose these lines to meet 
at c. We thus get a pa- 
rallelogram, -pachi and 
the line v c^ called its 
diagonal^ will represent 
a single force acting in the direction p c, and consisting of as 
many units of force as the line vc contains units of length; 
and this force will produce upon the point p the same effect 
as the two forces p a and p b produce acting together. 

This method of finding an equivalent, or the resultant of 
two forces, is called, the parallelogram of forces^ and is. 
thus concisely expressed : — " If two forces be represented, in 
magnitude and direction, by the sides of a parallelogram, an 
equivalent force will be represented, in magnitude and direc** 
tion, by its diagonal." The two forces are called, the com- 
ponents of the resultant. 

8. Any number of forces, acting at one point, can be com- 
pounded by the same rule. For instance, let the body », 
{Rg. 2,) be pressed at once by the three forces whose direc- 
tions are expressed by the arrows a b c, and their magnitudes 
by the lengths a? a, a? ft, xc. We may first compound any 
two of them (such as a and b), by completing the paral<- 
tehgram xadb, by which we find tliat t\ve ^VcecXSoTi q^ ^ot 
resultant {» nc d, and that its magnitude is to t^^eVt ina^XM^^^ 
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Rgth IT ff is to the lengths 
this resultant 
remaioing force 
Jz e, by completing the 
juraUeli^ram as dec, the 
diagonal of which, viz. 
xe, will represent both 
tbe magnitude and diret;- 
lion of the general re- "^ 

Boltant of all three forces ; so that a. force of the mngnjtude 
expressed by this length xe, and acting in the direction ex, 
• yma\A balance those three forces. Of course the resultant 
lof any greater number of pressures might have been found 
in the same way, by combining two at a time. 

In this problem it matters not whether the directions of 
tiie forces lie all in the same plane or in different planetf. In 
lite latter case, the three lines xa, xb, xc, would form the 
Miree edges that meet at one solid angle of a paralklopiped I 
i&d by completing this solid Hgure (as ehown by the outer 
jotted lines of tig. 2), its diagonal n e will represent tlte re- 
aoltant. Hence, whether we regard the lines of this figure 
BS tbey really lie flat on the paper, or as the projection or 
^Ctore of a solid parallelopiped, the law is equally true. 
Jfce same process is of course capable of being extended to 
toy number of forces in different planes. 

9. The problem of the lompoHtion of forces, which is thus 
solved with bo much ease by eonstructaon, (or drawing on 
pafier,) often becomes extremely complex in calculation, 
eapedally when in dynamics the element of time is added, 
Idd tbe forces are of constantly varying magnitude. In fact, 
It woold scarcely be possible to arrive at some of the simplest 
Ettuhs of its application to every branch of physics, if re- 
MHtrse were not constantly had to the inverse problem of tbe 
raiolution of forces. It is constantly necessary to consider a 
Xame (however simple its origin) aa cai^a-We o^ Wto^xwjSw^A 
ito two or three distinct forces, having Aa'SctcW. Sow.'tosm.- 
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for it 18 evident that we may substitute for any giver 
any number of other forces, having any given directio 
opposite to each other) ; for we may make the line 
diagonal of any number of parallelograms, or parollelo 
having their sides running in any proposed directions, 
their directions are decided on, their lengths will 
coverable ; and thus we shall know both the directio 
magnitudes of the forces into which, for convemene 
the whole, or resal'ant force, has been resolved. 

10. Examples of the composition of pressure are i 
Stant occurrence, as in the exertions of our limbs, the 
of the various tools and implements which we emplc 
the external actions in which we participate. It ia freij 
of importance to consider whether the component for 
employed so as to produce the best resultant; that t 
y. acling in a directio 



available for the 
intended to be i 
plished, and with ai 
an expenditure ol 

Birds have a 
symmetrical with i 
to a vertical plat 
(Fig, 3), which 
tiirough the body, 
they fly, their win 
ccute 8yni metrical 
ments. andalrike the air wiih equal pressures. Theresi 
of the air to the pressure of the wings is perpendicular t 
surface. Hence the direction of the resultant will be 
by the parallelogram of forces, for which purpose dn 
and DA perpendicular to the surfaces of the two '' 
these lines representing the directiona of the forces by 
the bird presses backward with eaeln wing ■, ov \ft iAl\et ■ 
AC and AD are the directions of t\iereBiaVaniie*«i.e 




the ail' against the two n'inge ; and neitlier of lliese preeaures 
does (wlien the wings are in this poBition) lend to impel the 
bird slraiglil forward; but their resultant does so, for if the 
wings Ue eiinihirly Kxtended, and act with equal force, the 
lines AC and ad will make equal angles with the line 
Au, passing through the centre of the bird; and two lines, 
representing tLe intensities of the two pressures, as AE and 
AF, being equal, the diagonal ag will eoindde with that 
line, and the motion of the bird will he directlj forward. 

A raan In swimming impels himself in directions perpen- 
dicular to the Boles of his feet and the palms of his hands. 
If these forces be ci|iial on either side of his bodj", the re- 
sultant is a line passing through the centre of his body. 

The motion of a boat rowed by oars is evidently similtir 
to the cases already noticed, where the forces are symmetrical 
on either side of a central vertical plane : but when sails are 
acted on by the wind, and the force thereby transmitted to 
the keel is modified by the action of the rudder ; vaiious 
problems arise, which are too complex to be studied here. 
We may, however, take a case, where the sail ia supposed to 
be stretched so as to forma plane surface; and, neglecting tbe 
action of the rudder, as well as that of any tide or current 
in the water, let us consider the force of the wind only. 
Let a h (Fig, 4) be the length or keel of a sailing vessel, 
and let the right line m n represent tbe projection of a sail, 
supported at o against a mast. Let op represent in magni- 
tode and direction the force w, with wijich the wind acts 
upon the suil. Construct the parallelogram o cpd, of which 
OB ia the diagonal. This force o p is evidently decomposable 
into two other forces ; the first, o c in the direction of the 
plane of the canvass, and producing no effect in advancing the 
vessel i the second, o d, perpendicular to the sail, which is the 
only force which presses on the sail and gives motion to the 
vesseL But od may also be decomposed into two other 
forceG; the one oe in the direction o£ ttieV.wi 
iU vessel and which lends to advance iv \n VXyc &£t«ti«a. '^'i 
E 3 
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to OOHPOBITIOK AMD KESOLETION OF FORCES. 

the arrow ; the other of acting ai right angles to the lengtii I 
of the TCBsel, bo bb to urge it sideways. The lorm of the I 
vessel enables it to offer a. great resistance to ibe lattal 
force, and very little to tlie former, so that it proceeds witii I 
conaidernhle velocity in the direction ah of its keel, and J 
Fig. 4. 



^i^ilii^^ 



makes very little lee-way, as the sideward direction 0/ 
called.* Thus some idea may he formed of the manner i» 
which a wind, which is sometimes within five points (of 
56^') of being o])posed to the course of a vessel, may, witk 
the aid of sails judiciously applied, be made to impel it. 

' If tliAB Aa not ^eem Hatiaritcton;, it muet be remembered, that ot 
present baxineBs ie not with mntiartK, but with pretmren, sad that n 
ifider, not what proportion the bead-tciy bears to tlie lee-van 



(t.«. what proporlLon exiete between the velodly of the vessel 
tioQ OK and that in the direetion of) for ataties has nothing to do wit 
velocities; but we must reduce the problem to ita atatieal (bnn, Igj 
imagining iotrodnced snch a forcp or forces as would produce eqttllti 
biium. Now thi» would (in the protont casa) require a greater 
in the direction oppoaed to the lee-wsf, thou in that oppoeed ti 
bcaS-way; for though the vessel mouesfaater forward than BidewafB,fat 
/Jie presses wore in tJie latter direction llittiiiUe!uraiCT,Ki\.'oe^TO^a» 
tJon liar 0/ eieetds o *. 
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In the flying of a boy'a kite we may study simikr effects. 
To counteract (permanently) the force of gravity which 
would bring it to the ground, two other forces at least are 
required — vie. the wind, and the resistance of the string or 
of the point where it is fixed or held. The wind alone would 
keep it suspended, but only for a time — viz. until the kite liad 
either turned its edge to the wind, (so as to be pressed no 
more on the under than on the upper side) or else had become 
vertical, ao as to he pressed only horiw>aially and not upwards. 
li' the kite had no tail, the former effect would rapidly ensue, 
and wiUi a tail the latter would be equally certtuu. It is 
necessaiy, therefore, that the kite be inclined, and this is 
I'fiected bj the siring being attached at such a point as to 
leave more surface (and therefore, a greater pressure of wind) 
below tlie point of attachment than above it. This excess of 
pressure on the lower half drives it to leeward, but only to 
certain extent, where it is counterbalanced by the weight 
f the tul ; but the maintenance of the inclined position 
depends on laws which we shall explain further on. It is 
sufficient for the present to observe, that the horizontal force 
of the wind w, (Fig, 5) the intensity of which we will 
represent by the line o ii", must (like every other force that 
impinges obliquely on a surface, as on the sail in the last 

aple) be resolved into two portions, one parallel, and the 
other perpendicular to the surface. The former portion on 

M effect ! the kite is pressed only by the other portion, in 
the direction o h, in which direction it would move, if it 
maintfuned its inclined position, and were subject to no other 
force than the wind. But we have to consider two other 
Jbroes, the string and gravity. Supposing the string to pull 
In the direction o s, we shall find the intensity of this force 
by resolving the whole effect of the wind on the kite repre- 
flented by o b, into two portions, o d perpendicular to the 
string, (and therefore not resisted by it,) and o c, which mast 
be balanced hy an equal and opposite toici m ftit ?lcivB!^, 
wbicb will accordingly be represented by o s. T^aa a)A\u'& iS 
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the atriug (tnd wind alone would therefore be to urge the kite 

ill the diagonal odof the paralielugram obdt; but with tiiiii 

we must further compound the force of gravity, which (thi 

Pig. fi. 
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kite being very light,) we will represent by the short line 
Off, and this, compounded with od, gives the resultant of, 
in which direction the kite will rise when subject to all three 
forces, in the degrees here supposed. Supposing the wind 
suddenly to cease, we shall find the resultant of the string 
and gravity by compounding o s with o g, which gives oe m 
the direction in which the kite would then be pulled; and 
thia compounded with the effective portion of the wind's forc^ 
viz. 06, will give OF as before. In thia direction, then, the 
kite will, under these circumstances, rise till it has attained 
a position where the three forces ob, 01, and o g are ia. 
equilibrium, i.e. where each ia equal and opposite to the re- 
sultant of the other two, in which case we should on our con- 
etruction find f ^^ 0, or the point f would coincide with 0.* 

* In oriler to raise the kite to its greatest nltltude, the most advsn- 
tageouB angle for tho kite to form with the honmii ie Si" it' ; which 
le as the rudder of a, ship should moke with the keel, in ordtr 
eiat the vessel may be turned with the greB.teBlTac\A\>.s,Bii^^QftvQ5 vVia 
aiJirediou parallel wiLlilhelt.ee\-, aiiii\\\esainttV'a».\.>L\j 
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1 1 . Tlie property of a system of etatital or balanced forct 
tliat each is exactly equal and opposite to the reaullant 
all the rest, whateyer may he their number, leads to a vei 
nmple and elegimt theorem ealletl the Poiygon of Forci 
By this, any number of statical forcea are represented 
action and magnitude hy the sides of a polygon, tnki 
■ (wderj and they will, when applied to one point, produ' 
ilibiiom. 

Kflg. 6, let p' p' p° p' p° he forces acting on the pointi 

A the intensity of p' be represented by the length aI 

„ r' „ by the parallal line PC 




Or let the forces be 
represented in magni- 
tude aod direction hy 
thfl Btdes of the polygon, 
Ap'oDE taken in order. 
Complete the parallel o- 
gram Ap'op', AC will 
represent the resultant 
of the forces, p' and p'. 
Compounding this re- 
sultant with the force !■', 
by means of the paral- 
lelogram ACDp', we see that ad representa their reaultant, i 
the resultant of p', v', and p'. Compounding this last reaultaj 
with the force p', by the parallelogram ap'ed, we see th. 
their resultant is represented by the line A E acting in tl 
direction from A to e, which would consequently balance tl 
last force p°, represented by the last aide ea of the polygo: 
«ad acting in the direction from e to A. 




winiiniil], and Ihe va 
Ikr, aboald make with Iha pli 
'ghowa ia this eJementarj wo: 
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It is not necesanry that the forces should all lie 
plane; but we may, perhaps, make this theorem clearer by 
attuciiing a number of pulleys to a vertical plane, such as an 
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upright board, and carrying over them the 

represent the forcea, and attaching weighta to the; 

Fig. 7. 



m 



lines which 
r cxtremJtieB 
Then take 
the string 



any part 

A "I, and from n on tiut 
bourd, draw a. line paral- 
lel to the string A n, and 
talie a port a b upon that 
puruUet, such that Aa isi 
tual', as u istoH. Again)'' 
tlirough b draw a parallel 
to the string A o, and on 
that parallel take a part 
b c such that a & ia to be 
as N is to o. In like 
r, draw c d parallel 
^ p, and such that 
cdr.OiP; and draw- 
(Ze parallel with ai^, and hearingthe same relation to the other 
lines that Q bears to the other weighta. Finally, join the 
points e and a by a right line. A siugle force r, acting in 
the direction of the line e A, and having the same ratio t{) 
each of the other forces as the line e A has to the side 
of the polygon, which is parallel to that other force, will pro- 
duce a pressure on the iixed point A equivalent and opposite 
to the combined actions of the forces m n o p q. This may be 
proved by attaching any weighta at random to the various 
strings, and (when they have settled in equilibrium) making 
the construction above described, beginning with any side of 
the polygon, and making all its sides, except one, parallel 
with their respective strings, and with lengths proportional 
to their respective weights. The remaining side will then be 
found to lie always in a straight line vjit^v l.\ie 
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String, and to have the exact length proportioned to tlie 
remaining weight. 

12, Fiiralld Force*. — It ie evident that forceeroa^' be inaile 
to act side by side with quite aa much effect as in the same 
Blraiglit line. Two horses drawing a. cart may of course be 
placed side by side, or one before the otiier, and the effect 
will be the same. Hence, the resultant of two purallel forces, 
ftcting in tbe ^ame direction, is equal to their sum ; it haa tJic 
same direction with them, and when they are eqiuil, is applied 
At a point midway between their points of application. All 
this is obvious &om the priuciple of sufficient reason ; but 
when they are unequal, their resultant, though etill parallel 
irith them and equal to their sum, does not act midway 
between them, as we shall presently see. And when they 
are equal, but act in contrary directions, they have no simple 
resultant, for they tend to produce rofaficn, and thix tendency 
cannot be connterbalanced by any eingle force. But let us 
here confine our attention to the simple case of such parallel 
&Fces aa are equal, and have the same direction. 

Tlie resultant of n number of parallel forces (as of those 
which are not parallel) is obtained by first finding tlie 
resultant of the first two, and compounding this with the 
third, and so on. It is obvious, then, that the point of appli- 
cation of this resultant will depend solely on the /rt>tn;« of 
application of the components, and will not be affected by 
my change in their directions or inlensiliei, ao long as tliey 
retain their parallelism and equality to each other. 

It. THE CENTEE OF GRAVITY. 

IS. The forces with which the particles of a body at the 
ttrth's surface tend to descend, or in other words, their 
tetights or gravitating forces, may be considered parallel to 
me another, since they converge towards a point, the earth's 
centre, whose distance is infinite compared with the size of 
the bodr. 2iow aiJ these equal and pa'Cft\\B\^o'(te6,'va%.\v\'w. 
ia aaiaber us they are in a body of almoat aw'^ &\7a, laws N« 
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i-eplaced by a single ron^e applied to a certain point; and this 
point of application is called the centre of gramiy of a bady^ 
or the centre of parallel and equal forces. It ia a cliaraC' 
teristic property of the centre of gravity tbat it is a fixe4 
point in the interior of solids, aud does nut cliangi;, whateveij 
position these bodies may be placed iu with respect to gravity^ 
Thus the point q (Fig. 8) is the centre of gravity of the bodjc 
ABC, whether the point c be upwards or downwards, or "•' 
any other position ; for, as we have already seen, the point 



itoC 



application of the resultant of parallel forces is independent 
of the direction of these forces, 

14. In order that a heavy and perfectly rigid body* be in 
equilibrium, there is only one condition to be fulfilled, namely, 
that its centre of gravity he supported. Consequently, 
if the centre of gravity he fixed, we may turn the body 

* That ii, a body auppoBcd to be totallj incapable o[ any change of 
form. In nn^cbauics it is constantly neceesaiy to abstract or omit thf , 
coiiaideration of certain properties of bodiES, in order to reduce a 
blera to ita simplest form ; for these ootnpli«ating circumBttmcBa 
always be added afterwards, one by one, though it would be imposaiblo 
to encounter them all at the outaet Henc« it is necessary at firat to 
asaumo a perfection not found in any natural body; and aaingeometij 
-we must consider lines nithuut broadl^, and surface withosl tliickneu; 
BO in mechanics wo mnstaasuuie imaginary solids, fluids, and aira, which 
are not the solids, fluids, or airs of nature. The solida must be per- 
/ectlj- in elastic, or else perfectly elaatio, the lovers without fleiibility, 
cords vrilbaat rigidity, liquMs without comprasiWivWlg ot V\sm>«^ , sad 
•iirs mast lutve fheir density and elaiLkUs TiVwaj* ^TosortTOiaA. 
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about in all directions and it will always be at rest in what- 
ever poaition it may be placed, because it will always be in 
etpiilibritim. When a body ia supported at a fixed point, 
which is not the c«ntre of gravity, eciuilibrium can be main' 
t^n«d only when the centre of gravity is in the vertical of the 
fired point, either above or below. Tliis consideration affords 
an experimental means of finding the centre of gravity in a 
body. Suppose we want to fix a handle to a sextant A (fig. 9) 
In the beet position for holdingit steadily. Thispositionwillhe 
at its centre of gravity. It is suspended as at A, by means 
of a thread from some point of its surface, as c ; and when at 
rest, we mark as accurately as possible the point m, or the 
pmnt at which the thread would come out if it had f 




in its straight course through the body. From what has 
be«n said, it is evident that the centre of gravity must be 
situated somewhere in tliis line r m. The centre is exactly 
found by suspending the body from some other point, as at 
B, and marking the vertical coniiuuation of the thread, as at 
n. The centre of gravity is also in this line, d n, and mutt 
therefore be at the point where the lines c m and d n cross 
each other. 

With heavy bodice the experiment \a maift V^ \,\iTWTv% 
tiiem on their sidfs. or placing them upuii tvd.ty'jns ^.w^^Yi*' 

m mm 
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but for bodies whose forms are regular, and the substance 
homogeneous, or of uniform density throughout, the centre 
of gravity is determined by certain geometrical rules. Thus, 
the centre of gravity of a cylinder is evidently the middle 
of its axis ; and whenever a body possesses a centre of figure, 
t. e. a point so situated that every plane which can be con- 
ceived to pass through it must bisect the body, this point is 
the centre of gravity (supposing the body of uniform density). 
Moreover, whenever a body has an axis of figure, that is, a 
line every plane passing through which bisects the body, 
then the centre of gravity must be somewhere in that line. 
Consequently, when the body has more than one such axis, 
the centre must be found at their intersection. In other 
cases, however, and especially when the body is not homo- 
geneous, the deduction of the centre of gravity becomes too 
complex to be useful, considering how easily it can always 
be found by experiment* 

The centre of gravity is not neoessarily in the body, but 
may be in some adjoining space. This is obvioufdy the case 
with a rtng^ an empty box, and, in general, any hollow 
vessel. 

In theoretical mechanics, the principle already noticed, 
of abstraction^ or considering certain properties of matter 
apart from others, has often to be carried so far as to assume 
bulk without wdght, or wdght without bulk. Hence an 
imaginary heavy line, or heavy surface, may have its centre 
of gravity found ; and if the line or surface be curved, it \^ 
obvious that this centre must in general lie out of the line 
or surface itself. 

• The following rules may, however, be nsefuL Every pyramid or 
cone has its centre of gravity at } of its height, from the base,— every 
paraboloid at \ of its height,— every hemisphere or hemispheroid at f , 
— ^a Jiemiqflinder at *4244 of its radius from its axis. To find the dis- 
tance of the centre of gravity of any segment of a disc or cylinder, 
from the axis^ divide the cube of the chord by twelve times the area 
of the segment. To find the same in a «cctor,m\iV\.V^\^ Wvia ^Jsa Oiasst^ 
bjr the radiuB and divide by three timea the axe. 
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15. CentrohuTyc theorem. These centres of prftvity of lines 
or surfaces (wiiich can be found approximately by experi- 
meats on tliin wires or plates) afford an easy means of solving 
certain useful problems in mensuration, tlie solution of which 
deductively (ot by pure matheraatics) would be extremely 
difficult, if not impossible. For instance, any solid of revolu- 
tion, however complex or irregular its outline, may have 
both its solidity and its superficial contents found by the 
following very simple methods. Let a. (Fig. 10) be the 
■olid, and a &c its half section, or that plane figure which, in 



Fig 


10. 
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tCTDlving round the line nc as an axis, would require a 
epace equal and similar to the solid — or, as it is commonly 
expreaeied, would generale the loUd. Cut out this figure 
(in some thin substance of uniform thickness) and by suS' 
pending itasabovedeacribed (Fig, 9) find its centre of gravity, 
which we will suppose to be g. Now the volume of this solid 
is equal to the product of the area abc X into the circum- 
ference described by the point g (which circumference will 
of course be found by applying the well-known multiplier, 
3'14159 fcc. to twice the distance of y from the axis, or 
twice drf). Again, to find the surftwe of the solid or of any 
portion of it, as formed by the revolution of the whole or 
any portion of the curve a be, bend a wire into the form of 
that portion required. Let this wire be e_f, m\4 aa'^^Mft 'Oca.^ 
(fy euepension) we find its centre of gravity U) \«. «-^ ^ 
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Then the surface generated by the revolution of e/= 
length X the path described by its centre of gravity, which 
path ie found, of course, by multiplying its radius g' k bj 
twice 3-14159, &c. 

Among other useful properties of the centre of gravity, 
we may observe that the force expended iaerectin^a bulling 
(or lifting all its materials from tiie ground to their places) ia 
the same as would be required to lift them all to the height 
of the centre of gravity of the building. 

16. It has been said that the only condition of equilibritnft' 
in a solid body is, that its centre of gravity be supported. 
There are, however, various ways in which this condition it 
fulfilled, according as the body is suspended from fixed pointSf 
or placed upon supports. If the hand of a clock moved 
__ freely ui>on its axis on a 

vertical dial, A B c D (Fig, 
1 1 ), in order that its centre 
of gravity be supported, it 
must be in a vertical plane 
passing through the axis ; and 
this can only take place when 
o, the centre of gravity, 
below or above the axis, a> 
at g' and G, which gives two 
positions of equilibrium; onq 
of wliich, when the hand ii 
below the axis, is called 
ttable equilibtiwn,, because, in drawing the hand aside and 
letting it fall, it will oscillate a few limes, and then settle in 
this position, g'. On the other hand, when g is above the 
axis, the equilibrium is said to be unstable, because, on 
moving the hand aside, it would not return to its previous 
position. Between these two positions, equilibrium 
possible ; and although in the case of a clock the hand ia 
retained in ail positions by its friction agoitiat We wiw, -^efc 
tlwra ia a constant tendency in fVie WnA Vo Aia?. 'i^^ 
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into B posilioQ of stable equiUbnum, and the more so in pro- 
portian as the ceutre of grnvity is removed irom the 
verticaL Thus, with a heavy clock hand, in which tha 
centre of gravity is far removed from the axia, the clock 
would gtun from 12 to 6 A.M. and lose from 6 a,h. to 12, 
were it not for the counterweight usuaUy attached in lai^e 
clocks, as shown stf. 

17. A body placed upon a horizontal surface, touching 
^t only at onp point, may assume various positions of equi- 
libriam, some of which are stable, and some unstable i and 

■s are other positions which are said to be indifferent, 
because when the body ia disturhed therefrom it does not 
tend either to regain its former position, or to increase the 
disturbance, but simply remains in the new position. If 
from the centre of gravity of a body, rays are produced to 
every part of its surface, the greater number of these rays 
J oblique to such surface ; but there are always some 
which are perpendicular, or normal thereto, whatever be the 
external form of the body : there is, in general, a maximum 
ray among them, and a minimum ray, both normal to the 
aurface. There are also other rays which are maximum or 
minimum among the surrounding rajs, and which are 
essentially normal. It is evident, then, that if the body 
touch the horizontal plane by the extremity of one of these 
normal rays, the centre of gravity is in the vertical of the 
point of contact, and there is equilibrium. If, oo the con- 
trary, the body touch the plane at the extremity of an 
oblique ray, the centre of gravity is not sustained, since it 
is no longer in the vertical of the point of contact. 

18. If the ray of the point of contact be normal but not 
ooximum nor minimum, but simply equal to the neighbour- 
ing rays, the equilibrium is indifferent. Such is the case 
when a sphere ia placed on a horizontal plane ; it is in equi- 
librium in every position, and consequently in indifferent 

Hhrium, for the centre of gravity can ia)i fto\o'«eE ^v& 
i^ow, if a portion of the upper part, \ift Tdvaosci "sj* 
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by making a hole tbere), the equilibrium becomes ttahiSi 
because the centre of gravity is brought below the centre at. 
figure, there being in such case more matter below the centraoE 
figure than above it. Now, in this case it is easy to see thit 
the ray from the centre of gravity to the point opposite ihfl 
hole is a minimum ray ; hut let the hole be filled up, hj 
inserting a small cylinder long enough to project beyond the 
Bttrface ; it is novr plain that, the centre of gravity bdng 
nearer this projection than the opposite point, a ray dram 
to the latter will bo a maximum ray, bo that the balance 
thereon will he wmtuhle, because any motion sidewaya tenia 
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to lower the centre of gravity, and enable it to full Btill 
lower ! whereas when a body rests on a minimum ray, 
any rocking muat raige the centre of gravity, so that it will 
fall hack to its previous poaition. If the normal ray of the 
point of contact is only the miniraura among several other 
neighbouring rays, equilibrium is stable only as far as these 
rays extend ; and lastly, if the ray is in one direction equal 
to adjacent rays, whilst it is in other directions a minimum, 
equilibrium is indifferent in the one direction, and stable in 
the other directions. This is the case with an egg placed 
on its side. 

An egg on one end is resting on a maximum ray, and 

therefore in unstable equilibrium, ao that it cannot in 

general remain thus poised for a moment. There are two 

modes, however, by which this feat va aovnctraiea ivvcwn- 

plisbed, both o£ which will afford good i.\\Ma\.t^\.\«v\?, cS ■Oq«j 
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fe principles. If we neglect the diSereace between the 

\ ends, and regard the egg as having a centre of figure 

B}, this would alao bo its centre of gravity if it were of 

density. Although the yolk is denser than 

I white, yet if they be concentric, as iu fig. 13 A, the 

■tre of gravity will still be at their common centre G, and 

B my a will plainly be longer than b h, &c., rendering the 

ilibriunt unstable in every direction. But if the egg bs 

shaken, so as to break the membrane that encloses the yoll^ 

and allow that fluid to sink to the lower end, i 

the centre of gravity is lowered, and may in some » 



Fig. 13. 



« fig. 13 iC 
le cases M 




below g', the centre of curvature of the surface at 
of contact } in which case the ray a' will become a 
with regard to h' b', 8sc., and the equilibrium will be stable. 
Tiaa is more likely to happen, the shorter or more spherical 
the egg ; but it is also more probable at the fmall end than 
at the large, because the latter contains a cavity full of air. 
Vbioh must throw the centre of gravity towards the small 
The other method (commonly ascribed to Columbus] 
scraping off a little of the shell, so as to flatten i 
extent of surface (fig. 13 c), when (the centre oi 
kvity remaining at a") the ray a" becomes a minimun; 
ing all those drawn to this small surface, (all thos< 
&" and b" for instance,) so that i? l\\ft f^ \r, ■« 
•bed beyond this extent it will stand. *■ 
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19. When a body is supported on a plane bj two 
the vertical, let fall from the centre of gravitj, ought to 
u{>on the line which connects these two points. Thos^ ii 
two-wheeled carriages, the vertical of the centre of gravHjfl 
ought to fall between the wheels, and upon the line 
unit4!S their point of contact with the ground. If it fidli 
vAtlwr in advance or in the rear, the carriage is too mach 
loadc.fl in front or behind. When carriages go down hil^ 
iUay arc liable to upset if the centre of gravity fall oat of: 
the lino of contact of the wheels; which is less likely t9 
Imppen with large wheels and a heavy load. 

20. When a body rests upon a base more or less extended, 
(•({uiilbriuni obtains only when the vertical of the centre of 
gravity fulls within the area of the base. It matters little 
whi^tht^r thiH biiHO be continuous or not ; the base of a square 
tiibUs HUpp()rt(i(l on four legs, is formed by the square of 
which thu four legs form the four comers. In proportion as 
tho biiHu lit uxttniHive, the centre of gravity may be disturbed 
without dorauging the support of the body. : 

12 1 . A variitty of toys, and feats of posturing, &c. depend 
upon tho dexterity with which the vertical of the centre of 
gmvity is nupported on a very narrow base. In some toys 
thu biuti is llxod, but exceedingly narrow ; and on this base 
tire plaeed the hind legs of the figure of a prancing horsey 
and tlie Hgure rocks backwards and forwards in an appa- 
rently iuipurtrtible position, by means of a leaden weight 
attached to the further end of a bent wire, proceeding from 
the lower part of the figure, the effect of which is to throw 
the centre of gravity belcw the centre of motion ; in which 
case equilibrium is always stable, because every disturbance 
niuat raise the centra of gravity above its natural (or lowest) 
position, to which it will therefore return, as is the case 
with a pendulum, or any hanging body. In balancing rods 
on the hand, chin, &c. the base is in constant motion, and 
t/je art Is to keep this base under the cetvtxe o^ ^WiN\tj. The 
tight-rope daacer has the double disadvaata;^^ ot ^ Tx^acrcorw 
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Immoveable base. He is greatly assisted by holding 

Olds a heavy pole, the effect of which is to remove 

e of gravity from his body into the centre of the 

V rather, the centre of gravity of the dancer and of 

t taken together is situated near the centre of the 

p that, as has been well observed, the dancer may be 

Q his hands the point on the position of which 

\&ty of his feats depends. Without the aid of the 

e centre of gravity would be within the trunk of the 

■'and those performers who dispense with the pole 

ish more, but their motions are far less graceful, 

ii they are unable to modify the position of tlie centre 

J with ease and rapidity. 

—PARALLEL FORCES— MOMENTS OF FORCE— THE PRIN- 
CIPLE OF VIBTtfAL VELOCITIES. 

22. We have seen that when the centre of gravity of a 
body is supported there is equilibrium, and that if a rigid 
line or axbs be passed through the centre of gravity, as in 
fig. 1 1, the body will rest indifferently in any position. 

The centre of gravity, then, in any body may be regarded 
u the centre of any set of equal and parallel forces acting in 
the same direction on all the particles of the body ; that is 
to say, it matters not in what direction these parallel forces 
act, provided they act all in the same direction, their resultant 
»iU always pass through this point. 

33. We have seen that the resultant of two parallel and 
vpml forces is a parallel line lying midway between tbcm ; but 
ire have now to observe that when they are unequal, the re- 
sultant is no longer halfway between them, but so situated 
that its distances from them shall be inversely as their inten- 
The property of the centre of gravity enables as to 
prove this in the following manner. Let a b (fig. 14) repre- 
sent a rigid bar of equal thickness and density throughout its 
hngth. It may obviously be balanced on a svn^e, yivvft. ».\ 
its centre c, so that all its M-eight acts aa i? i.t WMfe cq^^'cti- 
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trntcd at this one point. The same would be true cf 
otiicr such bar ; for instance, if we suppose the bar dir 
into two bars of unequal lengths a d and d b, the foi 
might be balanced on its centre E, and the latter on its qe 
¥. Hence we see that two parallel and uneqoal &nB| 
tbo weight of a D and the weight of d b), acting at ti^H 
E and V, have not their resultant passing throogli tl|^| 
between s and f, but through c, which is nearer k wRF 
the exact ratio that the force at E exceeds that at 



FiB- 11. 



for: 

weights of the t 
bars A. D and D B i 
as their lengthy & 
it is easily seen ll 
E c equals half t 
length of D B, & 
tliat I' equalB Imlf the lcn;5th of a D ; eo that the distal 
H is to tlic distance r c hiversely as the weight wb* 
centre la at e is to the weight whose centre is at f. To t| 
the irutli of this conclusion, theu, let us suspend from A( 
points E and F two additional weights, beaiing the bu 
ratio tu each other as the weights of a d and d b, so that t 
rutdo of the whole force at e to the wUole force at f, m 
remain unciianged ; and we shall iind the balance of t 
bur continues undisturbed, though there is manifestly mt 
weight on one side the fulcrum c than on the other. 

24, Hence we learn, t)iat when two parallel but uncqi 
forces are supportud or balaticed by a third, it must he 

Fi g- '■''■ totheirsum, ilmust acti 

contrary direction, and 
be applied at a point 
tlie greater force than the lesa 
its distances from them beinj 
inversely as their intensities 
Thus, in fig. 15, any t^ 
parallel forces acting at 1. a' 
and bavins ''^*^'" 'MAKQajS 
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EBaed by the lengths a b and A' b', will be balanced 
. force whose intensity ia expressed by the length 
b A B + a' b', provided it act at a point p, so situated 
t a' : P A : : A B : a' b'. And it matters not what may 
he commoD direction of the three lines representing 
J forces, provided they be all parallel ; bo that if a' b' and 
move into the positions a' c' and A c, without any change 
itenfflty, then b p must be moved into the position e' p, 
^e equilibrium remains undisturbed. 
Tien a force, then, applied to any point of an inflexible 
supports two other forces applied in the contrary direc- 
to tnro other points of the bar, the above conditions must 



A, and 
: the distance 




Thus, in fig. 16, when the three 
B in equilibrium, B : A : : tlie distance 

In its present f'S^ 

lion, the figure 
represent a steel- 
I, B and A the 
[htspuUingdown 
nvo ends, and a 
upward reaction 
[ie point of su])port ; hut if we turn the figure upside 
n, then it may represent a pole by which two porters 
carrying a load, the weight of which acts at a. b and A 
then be the upward forces which the porters must exert 
rder to support it ; and it is thus evident that the bur- 
i is not shared equally between them, unless its centre 
jttvity be over or under the middle of the pole. In its 
ent position, b has to support more than a, in the pro- 
ion that A a exceeds b a. 

S. When one jjoint of a rigid body is supposed to be ini" 
eably fixed, the effect of any forces applied to that body 
only be to ttirn it round the fixed point, as a centre of 
lOB ; and when two points are fixed, the motion can only 
oand the line joining them, which thus beroma?. *» nxVa. 
« IS pia/n from what has been said «,\»o\fc,WM.,\tv'0(ssi«. 
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casea, two forces wUich tend to turn the boc]y in contrai; 
directions will be in equilibrium if their intensities are f 
Versely as their distEtnccs from the centre or axis. But 
every inTerae proportion, the product of the first and 
terms is equal to the product of the third and fourth ; or 
product of the first and third = that of the second i 
fonrth. Thus, instead of saying that the forces a and b 
Jnversely aa the distances a a and a b, we may expreaa 
lame thing by saying that the product of the force a X 
«£atance a a ^ the product of the force b X the distane 
«B. That ia, if both forces be measured by the same ui 
jof pressure, (both in ounces or both in jjounda, &c.) and 
both distances be measured by the same unit of length (bot 
in inches, or both in feet, he) then, the number that 
senta each force being multiplied by the number that o 
presses its distance from the axis, the product will be tl 
same in each case. Thus, if a straight bar be balanced (i 
in fig. 16,) and, at the distance of one fool from its fulcnun, 
or point of support, a weight of 12 pounds he suspended, it 
wilt be found that this weight will be balanced by a weight 
of 6 pounds, distant 2 feet on the other side of the fulcrum; 
or by a weight of 4 pounds at the distance of 3 feet ; or by 
a weight of 3 pounds at the distance of 4 feet. Now by 
multiplying these weights by the number of nnits (feet) re- 
presenting the distances from the centre, we get in each case 
12 ! thns 6 pounds at 2 feet = 12 pounds placed at 1 foo^ 
or 6 X 2 = 12 X 1. In like manner, 4 pounds at 3 feet, or 
4 X 3 = 12 ; and 3 pounds at 4 feet, or 3 x 4 = 12. 

These products are called the moments of the force, and it 
is important to observe that any two forces applied to a body 
supported on an axis, and tending to turn it round, will be 
in equilibrium when the moments of the two forces are the 
same. In like manner, if the moment be doubled or halved, 
or increased or decreased in any proportion, the efficacy of 
iJw force in turning the body round the axle is doubled or 
halved, or iucreaaed or decreased, in exacAy Vte ftssDva ■^■tti- 
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'pDrtion. For example, if the weight of 12 pounds ia the 
ixample, situated at 1 foot from the axis, be brought 6 
Inches nearer that axis, its luoment is reduced one half, and 
to produce equilibrium, the moment of the weight of 6 
^nda on the other side of the axis must be halved also, 
^ther by bringing it to one foot from the axis, or by re- 
ducing its weight to thr'ee pounds ; or if the counterbalancing 
weight be at 3 feet, it will be 2 pounds ; or if at 4 feet, it 
TriU now be 1^ ; and it will be found that each of these 
weights multiplied into the distance will equal 6, as the 
Veight on the other side (12 pounds) x its distance {^ a 
foot) « 6. 

26. It may be evident also from what has been said, that 
fcy iDcreasing the number of forces on each side of the axis, 
body will be in equilibrium, provided the sum of the mo- 
jts on one aide of the axis equal the sum of tlie moments 
bn the other side of the axis. For inslauce, suppose that on 
side of the axis we have three weights A b c ; a of 2 
^onuds, at the distance of 2 inches ; b of 3 pounds, at the 
instance of 3 inches ; and of 3 pounds, at the distance of 
S inches. The moment of a is 2 X 2 = 4 
The moment of b is 3 x 3 = 9 
The moment of C is 3 x 5 = 13 

Tben the som of the moments on"1 _ 
tme side of the axis . . , . J ~ 
Now, suppose that on the other side of the axis we have 
two weights : d, of 4 pounds, at the distance of 4 inches ; and 
I, of 2 pounds, at the distance of 6 inches. Then 
the moment of d is 4 X 4 = 16 
and the moment of e is 2 X 6 = 12 

and the sum of the moments on~\ 
the other side of the axis. .J 
Benee, if several forces tend to tarn & 'VnA^ xwiRi. \\% 
tk(^ tbe^ will be ia equilibrium if tlie aiim o^ \\i(t ■Ki'aaieM» 
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of tlioae forces which tend to turn it round in one direction, 
be equal to tlie auiu of the momeDts of the forces which tend) 
to turn it round ia the other direction. 

27. As the priociple which we are now illustratiDg ia tii^ 
moat important in the whole range of mechanical science, EUU 
ma^ indeed be considered as the basis of mechanical sdt 
it is desirable to illastrate it by another method. If tn 
weights in equilibrium, as in fig. 16, at the extremities 
and B of a bar supported on an axis a, passing through i] 
centre of gravity, be made to oscillate gently through a 
apace, it is evident that the spaces moved through byth 
two ends of the bar will be tliroctly as their distances froi 
the asis ; for, the angles a am and Ban being equal, til 
arcs i.m and Bn, ore as their radii a a. and ab. For ii 
stance, if the weight b be 12 pounds, suspended at 3 inchc 
irom a, its rooiaent may be expressed by tlie number 3fi. 
and it will be balanced bj a weight of 6 pounds, 6 inchoSi 
from a, because its moment is also 36. Now if these twa 
weights be made to oscillate through a small apace, aucb. aa 
B m, for the weight which descends, and a m, for the weighfc 
which ascends, tlie latter apace will be only half the former, 
because it bears the same ratio to o b (or 3 inches) that a m 
bears to a a (or 6 inches). 

Hence, if b re be one inch. Am will be two inches, axti 
the products of these two quantities with their respectfrn 
weights will be equal to each other ; that is, the effect of 12 
pounds moving through 1 inch, or of 6 pounds moving 
through 2 inches of space, is the same. And though we ar«- 
not now concerned with motions, but with pressures, tha 
same principle applies to them. Any two pressures, how- 
ever unequal, {a pressure of 1 pound and one of 1000 poundi^ 
for instance,) will balance each other, if they are so applied 
that the motion of the first through 1000 inches would ha\ 
necessarily accompanied by a motion of the second through j 
ofteiacb, and viceversd. Any meana^iywVvwVitiiift connexion J 
between the two pressures ia effeclei, ia c*i\fti a Trmohiuw, ! 
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28, The principle wliich we have thus illustrated, ia knowQ 
tinder the name of the principle of virtual velocities, and is 
that which regulates the action and constitutes the efficacy 
of every machine in wliich power is employed to overcome 
weight or resistance. In the composition of machines it is 
UBual to speak of six mechamcal poreen-^ namely, the Uver, 
the Kheel and axle, the pulley, the inclined plane, the foedge, 
and the let'em; although in reality these contrivances are 
but applications of the principle of virtual velocities, whereby 
> email force acting through a large space, is converted into 
a great force acting through a small space. But in this 
there is no giun of power, neither is there any loss ; the ad- 
vantage ia in its application. Every pressure acting with a 
certain velocity, or through a certain space, ia convertible 
into greater pressure, acting with a less velocity, or through 
a smaller space ; but the quantity of mechanical force is not 
altered by tie transformation, and all that the mechanical 
powers can accomplish is to effect this transformation. 

29, Before proceeding furtherwithour subject, it may be as 
well to notice that the laws of mechanical science are founded 
on the principle, explained at page 16, note, of considering 
the various properties of bodies (as weight, rigidity, elasti- 
dty, &c.) apart from each other, before attempting to put 
them together as they really exist in natural bodies. Thus, 
in the above reasonings on bars or levers, we confine our 
attention at first to one property — viz. their rigidity, neglect- 
ing the eSecta of flexibility, 8cc. ; because these effiicts can 
afterwards be separately considered and allowed for. Thus, 
in order to facilitate the study of mechanics, and even to 
lender it possible, it is necessary to assume, at first, a per-' 
lection which does not exist The efiecta of forces, as they 

* Jybre properly, merhanieal dsmenU, or aimple wiWldw.s.Xrj'&i 
n olwbich, ail other machinra are SorowA. 



are modified by machiues of various kinds, could not be 
studied without some provieion of this kind ; thus, cords and 
rods, or levers, which are machines of the simplest kind, are 
coDBiilered as without weight, the cords perfectly flexible, 
and the levers perfectly rigid. In short, bodies must be 
deprived of one or more of their essential properties, or 
mechanical problems would be too complicated for solution 
but having obtained a solution on these terms, we are then 
in a condition to modify the result by considering the effects 
of friction, adhesion, weight, elasticity, compressibility, and 
such like elements, which had been omitted in the first boIb- 
tion of the problem. 

30. r/ia Lever. — The lever is a bar or rod, supposed to b« 
perfectly rigid, and without weight. It may be ttrmght or 
hent, timple or compound. We shall confine our attention 
chiefly to the simple straight lever, of which there are com' 
monly reckoned three kinds or varieties, depending upon the 
position of the points of application of the moving power, and 
the resisting power, with respect to a certain fixed point' 
called the _/ai;ri(»t, about which the lerer is supposed to turn 
freely. The portions of the lever situated on each side 
the fulcrum are called the aryns of the lever. 

81. A lever of the first kind is represented in fig. 17 I., 
which the fulcrum F is situated between the moving power 
p and the resistance or load w. 

Fig. 17 IL is a lever of the second kind, in which the 
mover p, and the resistance W, act on the same side of the 
fulcrum ; the load moved being between the fulcrum and 
the mover. 

In a lever of the third kind, fig. 1" III., the movar and 
the load also act on the same aide of the fulcrum, but the 
mover r is between the fulcrum f and the load w. Hence, 
in considering the lever statically, (or when the two forces 
are balanced,) there is no difference between the second 
and third kind ; for, as we are not supposing any motion 
^ Ae prodaced, neither force can be regoiiiii aa Wie, ■cui'jw 
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OP tlie moved. To produce motion it is necessaiy that one 
force should prevail, and then the lever will become a lever 
of the second or the third kind, according as the force m 
to OT furiher from, the 

falcruDi prevails. Tliua 

fig. II. is a lever of tlie 

lecond kind, and fig. 

HI. of the third kind, 

only while the weiglit 
in each case, is 

bdng lifted; hut wlien 
being luieered it 

becomes the mover , 

snd P the moved, so 

that fig. n. becomes 

A lever of the third 

kind, and fig. IH, one 

of the second kind, 

32. From what has 
ea already gaid (25) 
is evident that, in 

these levers, the 
■fower r will suatain 
fte weight w, provided its moment be equal to that of the 
weight. Thus, in the lever of the first or second kind, if w be 
]Zlb3. St the distance of 3 inches &om f, its moment will be 
SG, and it will be balanced hy p = 6 Ihs. at the distance of 
B inches from F, or by p ^ 4 Ihs. at the distance of 9 inches 
from F, and so on. In a lever of the second kind, if vr be 
12 lbs, ^ before, and he situated at the distance of 3 inches 
from the fulcrum, its moment will be 36 ; consequently, a 
power of 3 lbs. at the distance of 12 inches from the ful- 

, or 2 lbs. at the distance of J 8 iuches, will produce 
eqtnlibrium. 

33, Levers of the first kindarein verj comiaoaasa-, isi>ii. 
ea crowbar, used fcr raising stones, anl afoVftt, MaeJi^ts! 

c 3 
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runng the coals in tlie grate ; the bar of the grate being the. 
fulcrum. The coiamon crowbar is sometimea used as a lever of 
the first kind, as in fig. 18; Botnetimea as a lever of the seconi 
kind, as in fig. 19. The former is the case whenever wa 

Fig. 18. Fig. IS. 




press downwarda to lift the load, and the latter whenever we 
press upnyirclt. Now, in either figure, a man at P pressing 
the long arm of the lever, ia able to raise the weight of ths 
stone A or b, provided that weight do not exceed his presBure 
on P, in so great a ratio as the distance p f exceeds w^ 
K a pressure of 50 lbs. at r, lift 300 lbs. at W, then p mart 
move more than six times the distance that w riees ; for, if it 
move artli/ six times that distance, t!ie pressures of 50 UUk 
and 300 lbs. would balance each other. Thus what ia gained^ 
in pressure is lost in distance moved through- If the ] 
applied hia power halfway between f and f, he need only 
press through half the distance, to produce the same effect' 
on the stone, but he must exert Itvice tlie pressure. 

34. We have an instance of the lever of the aecond kind 
in a chipping knife, fixed at one end, which is the fulcrum ; 
the wood to be cut is placed under it, and is the load, or 
resistance to be moved or overcome, and the power is the 
hand of the workman at the extremity of the blade. A 
wheelbarrow ia also a lever of this kind, the wheel being 
the fulcrum, the contents of the harrow the weight, and tha 
man wheeling it the power. In the common form of wheel- 
barrow the load is made to incline as much as possible) 
towards the wheel. This, of course, is an advantage, because 
tibe man bears as much less of Hm \oa4 aa its c«n'w<i "^ 




gravity is nearer to the axle of the wheel than fo his hands. 
An oar may also be regarded as a lever, but to explain ita 
action fully would lead us far from our present Bubjeet.* 

35. In a lever of Ihe third p. ^^ 
iind, as the fiahing-rod, in fig. 
20, if w be 12 lbs. at a distance 
ef 9 feet &om the fulcrum f, 
J|0 akoment may be expressed 
by K)8« To keep this in equi- 
Uhtinm by a power nearer to 
tli8 ftileram than the weight is, 
ench as F at the distance of 3 feet, would require a force of 
36 lbs. (because 3 X 36 = 108), or, in other words, the 
power is, in this case, three times the weight or resialance j 
tnd, in all levers of the third kind, the power must exceed 
the load j hence they are never used where a great weight 
19 to be lifted, or a great resistance overcome, but only when 
it is required to move a small weight through a greater 
distance than it would be convenient to move the hand 
through. From the principle of virtual velocitiea explained 
ftbove, it will be plain that the advantage of this kind of 
lever is, that it commands speed rather than force. 

36. The symmetry and compactness of the frames of 
amimals depends on the faet that nil their limba are levers of 
the third kind. The lifting of our forearm and hand through f, 

' A» there ii no fixed fulcrum, the easiest wa; is to regnrd the oar as 
heing drcumstanced like the rigid Uce i a' in fig. IS, vLich is acted on 
bj three forces, viz. A b tLc hund of the rower, a's* the reaislanee of the 
water agaioat the blude, anil b p the resiatance of the water against the 
boir of the boat (transmitted through the hoat'e side to p) ; but, m 
fhk laat it not equal to the sum of the otbeis, it is overcome by them ; 
■ad, BE its poiat of applleatiou p is not situate in their resultant, tbey 
■ do not balance each other, but a b prevails over a' tf, as in a lever of the 
first kind, having its falcrum at that point between p and A'nhicll 
Kmains stationary during the stroke ; and the same point may aleo be 
eonudered as the fulcrum of a lever of tha eecouA '^lA, ^^^ -vVv^ >^ 
U-fotrerMA overcomes the resistance at t. 

L M 
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considerable space (say a foot), is effected hj the power of a 
muscle applied verj near the fulenmiy or elbow, and nunring. 
through a very much smaller space (say an inch). This 
muscle must then exert 12 times the force with wUch the 
hand is moved; so that when we use tkpurcha9e(ue.%lsfer 
of the first or second kind), in order to lift a great weight 
through a small space, by the motion of our hand through 
12 times that space, this is simply undoing what has been 
done by the natural leverage of the arm. We might have 
dispensed with the lever, if the muscle had been applied to 
the extremity of our limb, instead of its origin* Bat what 
a clumsy contrivance would the animal frame have pre-' 
sented, if thus rigged with muscles, like a ship I In fact, 
rigging presents us with an exact inversion of the mnienlar 
system of animals. The yards are moved through small 
spaces with great force, by the taking in of much rope 
with comparatively little force. The limbs, on the contrary, 
are moved through great spaces with little force, by the con- 
traction of muscles through very small spaces with much 
greater force. 

In raising a ladder by the usual method, it is a lever of 
the second kind while the centre of gravity is between the 
hands that raise it and the end on which it rests ; and when 
the hands pass the centre of gravity it is a lever of the 
third kind. 

37. If the arms of the lever, instead of being straight, are 
curved or bent, their length must be reckoned by perpen- 
diculars drawn from the fulcrum, upon the directions of the 
power and weight ; and when the lever is straight, if the 
power and the weight be not parallel in direction, the same 
rule must be observed. Thus, in fig. 21, we have a bent 
lever of the first kind, and, in fig. 22, a straight lever of 
the second or third kind, according as the fiag or the weight 
preponderates. In either figure the fulcrum is f, and A a 
the direction o£ the power, and b w the direction of the 
weight. If the lines A a and b w \>^ eoTiWuxJi^ wA ^t- 
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pendicnlaTB f a and f b drawn from the fulcrum lo those 
^ats, the moment of the power will be found by multiplying 
the power by the line f a, and the moment of the weight 
bf multiplying the weight by f &. If these moments be 
eqoal, tiie power will balance the weight. 




38. Many of the most useful implements consiat of hent 
double levers, or pain of levers, connected by a joint, whieh 
forma their common fulcrum ; so that they require no external 
InJcmm, or resisting point, for each supplies the necessary 
reabtanoe to the other. Thus scissors, pincers, snuffers, are 
pairs of levers of the first kind ; nutcrackers, of the second 
kind ; and tongs, of the third kind. In the first, when the 

longer than the handles (as in shears), there is a 
speed and loss of power ; but when the handles are 

of the two (as in pincers), there is a loss of speed 
in of power. In the second this is always the case, 
and In the third, on the contrary, power is always lost, and 
extent of motion gained. 

In drawing a nail with steel forceps, or nippers, we 
liave a good example," says Amott, " of the advantages of 
using a tool: 1st, the nail is seized by the teeth of steel. 
Instead of by the soft fingers ; 2d, instead of the griping 
force of the extreme fingers only, there is the force of the 
whole hand conveyed tiirough the handles of the nippers ; 
3d, the efiecfire force is rendered ^etW^a a\x.'aQi*a-Kv«v!!, 
effective by the lever length of t\ic WniVca •, KBi Wb,\»J- 
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making tlie nippers, in drawing the nail, rest on one: 
shoulder, as a. fulcrum, it acquires all the advantages of thsi 
lever, or claw-hammer for the same purpose." 

39. When the power is required to be considerable, and it> 
is not convenient to construct a very long lever, a conipoaiid< 
lever, or a composition of levers, is employed. When a 
system of this kind is in equilibrium, of course the ratio of 
the power to the load wiU be compounded of the ntios sub- 
sisting between the anna of eaeb lever ; or, in other words, 
the power multiplied by the continued product of the 
alternate arms commencing from the power, is equal to the 
weight multiplied by the continued product of the alternate 
arms beginning from the weight. For example, in the foUow- 
iug arrangement (fig. 23) we have three levers, two of the 
Fig, 23. second kind, a f. 




1 


Utl^^jl 




1 


the first kind, a' B^t 
and we will noHf 
consider the aanf 
ner in which th^ 
power P is tran»i 
mitted to th^ 
weight w. Thir' 
power p, acting; 
upon the lever A f# 
produces a down* 
ward force at % 
which bears to !;< 
the same propor- 
tion as A F to B P,' 
Thus, ifAFbe eight 


iB^^^S 




th 
1 


imes B F, the force at b is eight time 
rm a' f' of the second lever is puUe 
Kiual to eight times the power at f ; a 
force at b', as many times greater than 
aa n'p'. TbuH, if a'f' be 10 limeB a 


the power P. The 
A down by a force 
d this will produce 
a', as a' p' is greater 
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A." will be 10 times that at a' or b ; but tkis last was 8 timea 
tbe power, and therefore the force exerted at a" will be 80 
timea the power. So, also, it may be shown that the weight 
W is as many times greater than the force at a", as a" p'' is 
greater than b" p". If a" f" be 6 times b" f", tbe weight w 
will be 6 tiffles the force at a"- Ab we know this to be 80 
timeB the power p, the weight must be 480 times the power, 
result might have been obtained more quickly, 
tbe product of a p, a' p', and a" r", by that of 
^^, and b" p". Thus, if the three former distances were 
iche^ 20 inches, and 18 inches; and the three latter, 
2 inches, 2 inches, and 3 inckea ; then (16 x 20 X 18) -^ 
(2X2X3) = 480. The ratio of 480 : 1 is said to be 
Mded a£ the three rutios of 8 : I, 10 : 1. and 6 : 1. 
machine for turnpike roada ia formed of a 
of levers. It is chiefly used for weighing 
to ascertain that they are not loaded beyond 
allowed by h»w to the breadth of their wheels. It 
of a wooden platform, placed over a pit made in the 
the road, and level with its surface ; and so arranged 
as to move freely up and down without touching the walls of 
the pit. The levers upon which the platform rests are four ; 
viz. A B c D, fig. 24 ; all converging towards the centre, and 
each moving on a fulcrum, at a b c d, securely fixed in each 
corner of the pit The platform rests by its feet, a c d, 
apon steel points, abed. The four levers are supported 
St the point p, nnder the centre of the platform, by a 
long lever g e resting upon a steel fulcrum at f, while 
its further end g ia carried upwards into the turnpike 
house, where it is connected with one arm of a balance, 
while a scale, suspended from tlie other arm, carries the 
oonnterpoise or power, the amount of which, of course, indi- 
cates the weight of the wagon on the platform. Now, aa the 
four levers a b c d are perfectly equal and simihir, the effect 
rf the weight distributed amongst them is the aams. aa \? "Oor. 
whole weight rested upon any one. In otdei, ftviitalwft, ^a. 
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ascertain the conditions of equilibrium, we need only con- 
sider one of these levers, such as A f. Suppose, then, the 
diBtaDce from a to F to be 10 times as great as that from a 

Fig. 24, 




to a, a. force of 1 lb. at f would balance 10 lbs. at a, or on tlie 
platform. So, also, if the distance from e to g he 10 tim 
greater than the distance from the fulcrum e to F, a force of 
1 lb. applied so as to raise up the end of the lever g, wobU^ 
counterpoise a weight of 10 Iba. on f ; therefore, as we g 
10 times the power by the first levers, and 10 times morely 
the lever e g^ it is evident that a force of 1 lb, tending 14 
raise q, would balance 100 lbs. on the platform. If tho 
weight of 10 Iba. be placed in the opposite arm of tha. 
balance to which g is attached, this 10 lbs. will espress thfl' 
the value of 1000 lbs. on the platform. When the platform 
ia not loaded, the levers are counterpoised by a w^gbt 
applied to the end of the last lever. 

40. The Balance. — One of the moat useful and interestil 
applications of the lever ia to the balance, which conuil 
essentially of a lever of the first kind suspended at its centrt^f 
and consequently having the two anns equal. This lever 
M called the beam, ab (ig. 25; Vbe /ulcrum, ot centre ot 
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\two extremities of the beam, called the poinU of tugpenxioii, 

■erve to sustain tUe pans or scales : g is the centre of gravity 

H the beam ; and this should be situated a little below the 

iolcruni, for if it were to pip_ 25. 

kiiacide therewith, that 

if the centre of motion a 

^e centre of gravity 

iJKtnated in the same ] 

■the beam, as we have 

j(22) would rest in. 

tcDtly in any po^! 

M, on the contrary, 

Rntre of gravity were above the centre of motion, the least 

disturbance would cause the beam to upset. 

The points of suspension should be situated so that a 
Btraight line a b joining them is perpendicular to the line of 
^jTnmetty formed by joining the centre of gravity g with 
(lie centre of motion m. 

^ .The direction of the line mg \i shown by a needle or 
Index attached to the beam, which in delicate balances 
JDoves over a graduated arc. This needle may proceed 
rither upwards or downwards, provided it be in the vertical 
of the centre of gravity. When the needle points to the 
lero line of the arc, which is of course also in the vertical of 
ihe centre of gravity, the beam must be horizontal. But by 
means of this index we can also ascertain whether equili- 
urinm has been attained without actually waiting until the 
neam comes to rest. WJiile the beam is oscillating, if it 
mally be in equilibrium, the needle will describe equal area 
W the graduated scale on each side of the zero point ; while, 
itf either scale bo overloaded, the needle will move through 
bnore degrees on one side of the scale than on the other. 

41. In a perfect balance all the parts must he symmetrical 
^lith the centre of gravity ; that is, the parts on either side 
W this point are absolutely equal. Such tt fttaie oC ijtrfisfc- 
fhn, however, cannot be attained in ptaeVwe', \\k. ^.'^'i *x\q9. 

L 
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cannot be made perfectly equal; all that the most skilM 
maker can do is to render the inequaHt j very smalL When, 
however, it is necessary to obtain a very exact result, the 
error occasioned by the inequality of the arms of the balance 
can be avoided by the ingenious artifice of double tveighingi 
invented by Borda. To weigh a body, is to determine hofi 
many times the weight of this body contains another wdglit 
of known value, such as ounces, or portions of ounces 
Place the bocb^, which we will call m, in one scale pan 
A fig. 25, and produce equilibrium by placing in the othei 
scale pan b some shot, or dry sand, or other substance in \ 
minute state of division, so that very small portions may b 
added or subtracted, as occasion requires : by this mean 
the needle can be brought exactly to zero, thereby indicatin| 
the horizontality of the beam. This being done, we remove 
the body m, and substitute for it known weights, such a 
ounces and portions of ounces, until the beam is again hori 
zontaL The amount of this weight will express exactly tb 
weight of the body m, because these ounces, &c. being place* 
under exactly the same circumstances of equilibrium as th 
body M, produce exactly the same effect. 

By this method, then, it is not only possible, but easj 
to weigh truly with a false balance. Under ordinary cii 
cumstances, an error amounting to a fraction of a grai 
would be of no consequence ; but, in weighing for th 
j^nrposes of chemical analysis, an error amounting to th 
thousandth of a grain might be of importance ; hence, thi 
method is commonly adopted in such investigations. 

42. In ordinary scales, one can readily ascertain whethe 
the point of support is in the middle of the beam, by changin 
the scale pans when the balance is in equilibrium. If th 
horizontal position is disturbed by this process the two am 
are not of the same length. A false balance can also b 
detected by shifting the weights which produce equilibrium 
this aho will destroy the horizontal position of the arms, i 
thejr are Beadhly unequal. But t\i\a meXVo^ «\9*i lxv3ra:\^ 
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the means for ascertaining the true weight of the substance. 
Some persons are satisQed with taking the arithmetical 
BieaD* of the two weights found in this manner, but this is 
^uite erroneous, and will always give too high a result, As 
the bodj is over estimated in one weigliing in tlie mute ratio 
Ihat it is under estimated in the other weigliing, the true 
weight must plainly be the geometi-ical meant between the 
two false estimates. 

43, The stability of a balance ia its tendency to return to, 
And oscillate about, the position of rest after being disturbed. 
The position of the centre of gravity below the point of 
Kappas determines the stability of a balance. Stability is 
&r mere easily attained than semihility, or the tendency of 
s loaded balance when poised to turn when a very small 
additional weight is placed in either scale. If there were 
BO friction, the scale would turn by the addition of the 
mallest weight Friction is diminished as much as possible 
by placing the beam 
npon the support by 
means of knife edges, 
of hard steel, the 
Bapport being also of 
the same material. 




The stability and sensibility of a balance are ascertained 
by the following means. First, as to the stability of one 
balance compared with that of another. A small amount of 
disturbance being given to both, such as one degree, if the 
force with which the first endeavours to recover its positioa 
be double or triple that of the second, the stability of the 
first is double or triple that of the second. To compare. 
tbese forces, the weight of both scales, multiplied into d g, 

■ The arithmelical tosaa of two qunutitit 
Riii, or J (o + b). 

f The geoaietricai mean of two qaantiliM 
if their prodaet, or -(, 
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iaa&h,^6'Ca«ta{ux%iiwta I 



44 SEMSIBILITr Ot A BALANCE. 

must be added to tlie weight of the beam, multipUed int 
D c. For example ; suppose that in two balances thd 
qaantities are as follows : — 



Weight of beam . 30 ounces. 50 ou 

Weight of both scales 24 „ 30 

In such case, the stabilities of the first to the i 
balance will be as 78 to 190; because 24 X 2 + 3 
78, and 30 X 3 + 50 X 2 = 190. 

44. The seusibilit; is ascenained by comparing the angle 
throDgli which very email equal weights incline the balance 
Thue, if a grain put into a scale pan of each inclines ot 
balance 4 degrees, and the other only 2 degrees, the first i 
twice as eeneible as the second. To compare the I 
Bibilitiefi, multiply the length of the arm of each by th 
number which represents the stability of the other in tli 
rule given above. Thus, the sensibilities of the precedii^ 
balances are as 12 x 190 to 14 x 78, or as 2,280 t' 

The sensibility of a balance is also ascertained fay observii^ 
the smallest additional weight that will turn it, and the 
comparing this addition with the whole load. Thus, if ■ 
balance Jiave a troy pound in each scale pan, and the hori 
zontality of the beam varies by a small quantity, only Jul 
perceptible on the addition of j^th of a grain, the balance i 
said to be sensible to tr^iiwth part of its load, with a poua 
in each scale, or that it will determine the weight of a i 
pound within iSwlth port of the whole. Perhaps the r 
sensible balance ever constructed was that employed fa 
verifying the national standard bushel, the weight of whicl^ 
together with the 80 lbs. of water it should contain, 
about 250 lbs. With this weight in each scale, the addition 
of a single grain occasioned an immediate vacia' 
index of one-tweatieth of an inch, the radius \)ft\Ti^ 50 mAw* 
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to Bat this Imlance was sensible to j^^^^ th part of the weight 
I <o be determined. 

The following are the general rules respecting the sen- 
I jibility of a halance : — 

1. That, aU other things being the same, the sensibility is 
increased by increasing the lengths of its arras. 
" 3. That, all other things being the same, the sensibility 13 
d by diminishing the weight of the beam," 
Hat the senaihility 13 increased by diminishing the 
e between the centres of gravity and motion. 
4. That the sensibility is increased by diminishing the 
distance of the line joining the points of suspension from the 
e of motion. 
%at the sensibility is greater whea the load is 

addition to the balance with equal anna, there are 
13 modifications of the lever of the first kind in common 
OH for ascertaining the weights of bodies. Such is the 
instrument used by the ancient Romans, called the Soman 
ilatera, or steelyard. It consists of a beam of iron, resting 
upon knife edges or a pivot, with one arm longer than the 
Mber. Supposing the shorter arm, with tlie attached scale, 
to be sufficiently heavy to balance the longer arm, when the 
instrument is unloaded the beam will of course be horizontal. 
The substance to be weiglied w is suspended from a hook 

* It has been slromlf aeen tliSit the aensililHty of a bsluace depends 
Hit tlie BURpeDsioa at the fulcrum, or middle of the beam. It will be 
peifect in proportion 3S friction ia diminiehed betveen thia point and 
ths plane vhicli beara it ; for (.he friction which resnlta from the saper- 
pealtion of two bodies is a force whiuh acts in the dirwlioo 0/ their 
■uHkcM, and which is ia oppoaition to other forces tending to detach 
these sarfacea from each otlier. Thus, the friction of the knife edge on 
its topport must oppose the turning of the beam rouod tliia point. 
Tliii rotation cannot take place without detacliiog some part of the 
knife edge and its sopport from each other. The force reqnired to 
iSg aa we have seen, a meoftu'^o ^ i\vQ v^"^ 
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attacheJ to the shorter arm, and a conBtant weight p is mads 
to alide upon the longer arm until equilibrium is establiBhed> 
Kow we know that in the lever the condition of equillbriiuii 
is, that the weight vr multiplied by ita distance from tbs 
fulcrum, is equal to the power or counterpoise p multiplied 
by ita distance from the fulcrum. Now, as the distance of 
the weight from the fulcrum is constant, and as the counter- 
poise is also constant, it Is evident that in whatever prop(^ 
tioD w is increased or diminialied, the distance between t 
and the fulcrum must be increased or diminished in dit< 
same proportion ; thus, if w be doubled or trebled, ' 
distance of p from the fulcrum must also be doubled 
trebled. 

Hence the principle upon which tliis instruDient 
graduated is sufficiently simple. Suppose the instrument if 
tirst to be graduated for weighing pouuds. A pound weight 
Fig, 27. '^ placed in the bcbI^ 

and the counterpoiss 
moved towards the 
centre c fig. 27, until 
the beam is hori- 
zontal. A mark !■ 
then made w^th A 
file at c. A second 
pound is then placed 
in the scale, and the 
counterpoise 

from c, until the beam is again horizontal A second mark 
is then made ; after which, the whole length of the ana 
marked with divisions of the same length as that between tha 
first and second divisions obtained experimentally. Of 
the number of any division from c will express the numbef 
of pounds which the counterpoise p resting on that division 
will sustain, and this is the weight of the body w. 

The above iiluatration ia intended IQ show tke principle 
of the inetrament, rather than to deacnite iXiW, 
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me. In an ordinary steelyard the centre of gravity is not 
at the fiilcrum, so that when the weight f is removed the 
longer arm usually preponderates ; heoce the graduation 
must be commenced, not from c, but from some point 
between s and C. These, however, are matters of detail 
which will be found treated of fully in larger works. The 
great convenience of the steelyard is in its requiring only 
^^^■^rsight. When the substance to be weighed is heavier 
^^^^E|^e constant weight, the pressure on the fulcrum is less 
^^Kk^ ^^ balance, because with the latter equilibrium is 
^^y produced by a weight equal to that of the body to to 
weighed ; hut in the steelyard a less weight will suffice. 
For esample, to balance 10 lbs. in a pair of common scales, 
we must have a weight of 10 lbs., miJdng togetlier a load of 
20 lbs. ; but in the steelyard a weight of 10 lbs. may be 
balanced by ooly 1 lb., making together a load of only 
11 lbs. When, oa the contrary, the constant weight exceeds 
the Bubslauce to be weigLcd, the presanrc on the fulcrum is, 
of course, greater in the steelyard than in the balance ; bence 
the balance is preferable in detennining small weights. 

When the counterpoise r is moved to the extreme end of 
.the beam, it represents the greatest weight that the instru- 
ment, as hitherto described, can determine. There are, 
however, two methods by which the same beam can be made 
to determine heavier weights : lat, by having another point 
of suspension on the shorter arm nearer to the fulcrum j or, 
2dly, by using a heavier counterpoise. 

46. The Danink balance y. ^g 

(£g. 28) differs from the 
steelyard, just described, 
in having the fulcrum f 
moveable instead of the 
coanterpoise p, which is 
fixed at one extremity, 
while the body to be 
ireigbed w is susj)ended from a hook at l\Ye oAict e-W.-s«aaNrj. 
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Fig. 29. 




If C be the centre of gravity of the unloaded beam, 
graduation muat commence from that point, since when 
fulcrum loop ia there it poises the unloaded beam. By bub* 
pending from the hook at w 1, 2, 3, &c. pounds in succeseioa, 
the divisions may be found to which the fulcrum must be 
removed in order to produce equilibrium. 

47. The bent-lever balance is also a convenient fonn of 
scale, in which the weight ia constant. It consists of a b^ 
lever a b c fig. 29, to one end '. 
of which a weight c ia fixedt 
and to the other end A a hook 
carrying a scale pan w, ift 
which the substance to ba 
weighed is placed. This 
lever is moveable about an 
asis B. As the weight is 
w depresses the shorter 
D A its leverage ia conatanUj 
diminished, while that of tl 
arm c b is constantly 
creased. When counter*' 
poises the weight, the division at which it settles 
graduated arc expresses its amount The graduation of tl 
instrument of course commences at the point where tl 
ndex settles when there is no load in w. The 

then Buecesaively loaded with 1, 2, 3, &c, ounces 
pounds, and the successive positions of the index marked 
on the arc. 

48. Before we conclude this section on the lever, it may be 
aa weU to notice a common rule for determining the mechanical 
efficacy, or power, of a machine. This is said to be greater 
or less according as the ratio of the weigjit to the power is 
greater or less. Thus, if the weight be 20 times the power, 
the mechanical efficacy is said to be 20 ; if 4 times the 
M-eight ia eqoal to 25 times the -powftT, tVus mechanit 
eMc&ey is -, or 6|, 
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As the mechanical efficacy of the lever admita of being 

led at pleasure by varying the distances of the power 

Ight from the fulcrum, so we may imagine a lever with 

power equal to that of any given machine ; such a lever 

called an equivalent lever, with respect to that machine. 

all simple machines may he represented by simple equi- 

ralent levers, so the most complex machine may be repre- 

gented by a compound system of equivalent levers, whose 

alternate arms, beginning from the power, bear the same 

proportioa to the remaining arms. 

I 49. The principal use of the common lever is for raising 
^ghta through small spaces, which is done by a series of 
&ort intermining efforts. After the weight has been raised, 
h must be supported in its nevr position while the lever is 
re-adjusted to repeat the action. The chief defect, therefore, 
tf the common lever is want of range and the means of sup- 
jplyiug continuous motion. Tliis defect would he supplied 
if the moving power (which in p^g gQ^ 

■11 levers must describe an arc 

iof a circle) could be enabled to 
move round the entire circle, 
snd so continue to revolve for 
,iny length of time, still pro- 
{dndng always the due propor- 
tion of effect on the resistance 
overcome. Now, if the 
fetter be acting always in one 
Blrajght line, {if it be a weight 
to be lifted, for instance,) there 
many ways in which the 
Rctioii of the lever may be rendered continuous. Its short 
may be repeated several times as the radii of a circle, and 
these radii in succession may catch and lift some part 
weight, or of a contrivance connected with it. Thus we 
machine called iba rack and pinion (fig.^OY m-^VifiB. 
flx/sof motion, cc, forma fUeta\crM\aol^\K^«^ 
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whose longer arm cAia called the mnchy and describes a 
complete circle ; the shorter arm is repeated in the figure 
8 times, forming the 8 leaves or teeth of the pmUm, and 
there is always one of these employed in lifting by one of 
its teeth the rack b c to which the load or other resistance 
is applied. Thus, as soon as one of these short arms of the 
lever has done its work, another is ready to supply its place ; 
and though each lifts the weight only through a very small 
space, the entire range is limited only by the length of the 
rack. But in lifting the weight through this range, the. 
hand at A must describe altogether a space much greater, viz. 
in the proportion that the circumference add exceeds the 
height occupied by 8 teeth of the rack. 

50. The flexibility of corrfls aflbrds another still easier means 
of increasing the range of the lever^s action to almost any 
extent By filling up the spaces between the leaves of the 
pinion, in the last example, we may convert it into a cylinder 
or barrel, on which if a rope be coiled, and the load sus- 
pended from it, thi^ rope will supply the place of the rack 
B c, and be wound up in the same manner. This constitutes 
the common windlass, in which the weight hanging on the 
rope will exceed the force applied to the winch (and just 
supporting it,) in the ratio that the length of the winch 
(measured from its centre of motion,) exceeds the mean radios 
of a coil of rope, i.e. the pidiu^ of the barrel + half the thick- 
ness of the rope. 

51. Thus the efficif^npy of this machine (the windlass) as a 
concentrator of force^ is augmented by diminishing the 
thickness of the barrel, o^ increasing the length of the 
winch ; but the former would be too much weakened if 
diminished beyond ^ certain extent, and the latter is useless 
if lengthened beyond the radius of the circle which the 
hand can convenie]:^tly despribe. Hence arises a necessity 
for multiplying tl^e fong arm of the lever and making it into 

several radii, in the same way tliat t\\ft sKort wcm was mul- 
tipUed to form the pinion or tlie barreL T\na T«^^>i\wi ^ 
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the longer arm conEtitut«s the wheel, commotily reckoned as 
llie second simple machine, although, as we have aeen (49), 
only a particular modification of the Jirst, viz. the lever. 
The adsantage of the wheel over the single spoke or winch, 

that, however long ita radius, it can always be turned con- 
tinuously by a force whose action is confined to a small part 
)nly of the circumference. Thia can be efiected in either of 
the modes above described in the case of the short arm — viz. 
'first, by forming projectiona on tlie rim of the wheel, to be 
wcceseively acted on by the power in the same way that the 
leaves of the pinion successively act on the rcaistance ; or, 
•econdly, by passing a rope or band round the wheel, 

52, The latter affords an easy mode of exhibiting the pro- 
perties of this most important machine. For this purpose the 
power is usually represented by a small weight suspended 
from a cord which ia wound on the circumference of the 
vheel ; and the resistance by a larger wdght on a cord that 
IB wound in a contrary direction round the axte. 

It will be evident, from an inspection of this machine, that 
its condition of equilibrium is precisely that of the lever ; 
oaly, in this case, the power is multiplied by the radius Cb 
sf the wheel, and thia will be found equal to the resiatance 
multiplied by the radius of the axle. If, for example, the 
power be I lb. and tlie radius of the wheel 22 inchea, and 
the load 1 1 lbs. while the radius of the axle is 2 inches, 
there will be equilibrium, because the momenta are in 
each case the same. (26). 

We may also prove the same thing by the principle of 
liitnal velocities (27)i for in one revolution of the wheel 
the power descends through a space equal to the circum- 
fereace of the wheel, and the weight is raised through a 
fpaee equal to the circumference of the axle. Hence, the 
monDg power, multiplied by the velociQ' of its motion, is 
sot leas than the load moved, multiplied by the velocity of 
'its notion. 

I gS. The axle in the wheel is evidently not \n.\fctniA<-vfi'j,'-ai. 
D 2 
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its action, as in the case of tbe common lever ; but tlie n 
which the power communiuates tu the load, olthoi^h dov, 
is constant. Hence it has been called the conlinuat or per- 
jietual lever, and its mechanical efficacy depends on the ratio 
of the radius of the wheel to the radius of the axl^ or ttu 
length of the lever by which the power acts, to the lengdi of' 
that by which the load resiBts. 

54. The power may be applied tothe wheel in various wayQ 
by pins placed at various distances round its circumferi 
as in the wheel used to work the rudder of a ship, in v 
case the hand is used as the power ; in some cases the rim<ri 
the wheel is dispensed with, and a number of long bars a 
ioaerted in the axle, as in the larger kinds of windlass, iS 
which the axle is usually horizontal. In the capstan it il 
vertical. In either case the wheel consists only of diverging 
spokes, rendered portable hy a number of holes in the a 
into which men insert the ends of these Bpokea or hi 
spikes. When the axis is horizontal, each hand -spike is R 
moved from one hole to another, the weight being c 
while sustained by tlie action of a T^tchet-wkeeL Whent! 
axis is vertical, a number of men may work at it, pushiq 
the bars before them, and thus there need be no intermisNi 
of the power. An enormoug weight may be raised in ti 



Tlie ratchet or rackef-tirkeel (I 
81) just referred to, is a simple ei 
trivance for preventing awheel & 
turning except in one direction. 
catch c plays into the teeth of i 
wheel A B, permitting it to revoh 
in the direction of c s, but preven) 
ing any recoil on the part of 
weight or resistance contrary to 
direction of the power. 

55. By mcTe&Bvo^ 'fee. kvir'A 
wheel in provo^lioa Vi 'CqjA >:S. 
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I ule, forces of very diiferent intensities mny be balanced ; 

Ibnt as the larger force increases in magnitude, the size of 
the wheel is increased to an inconvenient extent. Hence the 
use of a combination or system of wheels and axles. Now, 
IS the wheel and axle is only a modification of the lever, we 
may expect to find that a system of wheels and aslea is only 

!a modification of the compound lever already described 
(39). Such is the case, and the conditions of equili- 
biinm are also the same. The power being applied to the 
MJrcumference of the first wheel transmits its effect to the 
Iciroumference of the first axle ; this acts upon the circum- 
nerenee of the second wheel, which transfers the effect to the 
Iciroiunference of the second axle, which, in its turn, acts 
IvpoD the circumference of the third wheel, and this trans- 
units its effect to the circumference of the third axle ; and thus 
nhe force is transmitted until it arrives at the circumference 
Kif the last axle, where it encounters the load or resistance. 
* 56. There are various methods by which the circumferences 
irof the axles are made to act upon the wheels. Sometimes, 
|!by the mere friction of their surfaces, tha friction being 
lincreased by cutting the wood ao that the grains of the 
Icppoaed surfaces may run in opposite directions ; in other 
jrcases the surfaces are covered with buff leather ; but the 
'most usual method of transmitting power in complex wheel- 
fwork is by means of ieeth or cogs raised on the surfaces of 
"the wheels and axles. The word teeth is usually applied to 
\ the eogs on the surface of the'wheel, wlule those on the sur- 
tface of the axle are called kates, and the part of the axle 
l.^m which they project is named a pinion, as already 
f>3ioticed (fig. 30). In a train of wheels thus arranged, 
|'(fig. 32,) the conditions of the equilibrium are the same 
fita in a train of levers (fig. 23), that is to say, the power p ia 
l-to the resistance w, as the continued product of the radii 
'. of the pinions 6 c rf is to the continued product of the radii 
i of the wheels a ef. Thus, if the pimoTia m ^^. ^1. ■«:«% 
^xeepeciively I, 2, and 3 inches raima, ani iVl -sV^afiv^ •JS'srt, 
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reBpectively 8, 9, and 12 inches radius, then 1x2x3 
and 8 X 9 X 12 = 864, or, in other words, a power ex< ] 
pressed by 6 would counterbalance a weight, or overcome ■ ] 
resistance, equal to 864. 

When a aystem thus constructed is in action, the leaves of 
the pinion must pass in succession between the teeth o: 
wheel ; consequently, the circumferences of the wheels and 
pinions must bear a certain proportion to the numbers of 
teeth and leaves ; and as the circumferences are as the radii, 
the numbers of the teeth or leaves must be proportional to 
the radii. Henc«, in assigning the condition of equiUbriuni, 
the number of teeth and leaves must be subslituted for 
the radii of the wheels and axles mentioned above, 
otherwise there might be some doubt as to tlie real or 
effective radius of these bodies, via, to what part of the 
toothed circumference it should be measured. This is known 
by dividing the distance between tl»e centres of the wheel 
and pinion into us many parts as there are teeth in both of 
them together. Thus, if the wheel have 51 and the pinion 
10 teeth, then,*the space between their centres being divided 
into 61 parts, the tenth division from the pinion's centre (or 
the fifty-first from the wheel's centre) will mart the extent 
of both their eflective radii ; and two circles drawn with these 
radii, so as to touch at the said division, are called the jntck- 
lines, which, as will presently be seen, form the baaia 
for determining the form and size of the teeth. In wheel- 
work the condition of equilibrium then is, tliat the power 
multiplied by the product of the numbers of teeth in all the 
wheels, is equal to the load multiplied by the product of the 
numbers of leaves io all the pinions. If, as in fig. 32, some 
of the wheels and axles carry teeth, and others not, then, the 
effective radii of the former being measured from their centre 
to their piteh-line, those of the latter must be measured from 
their centre to the middle of the thickness of the surronuding 
rope or band. 
ST. The hw of virtual velocitiee (2T) a^^^iea ifto \n 
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pies wheel-work. The teeth and leaves being equal, the 
circumference {i.B, the pitch-line) of each wheel moves 
with the same velocity &s that of the pinion by which it ia 
driven. Now, as each wheel revolves in the same time with 
its axle, the velocities of their cireuniferences are as their 
effective radii or numbers of teeth. Hence the velocity of 
the power, or the velocity of the circumference of the first 
wheel, is to that of the first axle as their radiL But the 
velocity of the circumfereiice of the first pinion is equal to 
the velocity of the circumference of the second wheel, which 
is to that of the second pinion as their radii ; and by calou' 

I lating in this way to the end of the train, it will be found 
that the velocity of the power ia to thut of the load as the 

, product of the radii of the wheels to the product of the radii 
of the pinions ; or that the power, multiplied by the velocity 

of the power, is not less than the load multiplied by the 
velodty of the load. 

For example, in fig, fj^, 3,2. 

I 32, let the number of 

I leaves on the axle ii of 
the first wheel a he 
-Bix times less than the 

. number of teeth in the 

I circDniference of the 

I second wheel e, so as 
to turn it only once 

, for every six turns of 
the axle b. In like 

.maoDer the seconil 

[■wheel e, by turning 

..six times, turns the 

I third wheel f only 

I. once ; bo that the first 

, wheel turns thirty -six 
times for only one turn of the third ■wheel ■, Mi4 aa \,V% 

\diameter o£ the wheel a to whiuh the -gcfwei \a ».\|^asa."-a 
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three times as great as that of the axle cf, which bears the 
weight w or the resistance, 3 X 36 s= 108. So that 1 : 108 
is the ratio between the velocities w and p when moving, 
and consequently between their weights or pressures when 
in equilibrium. 

68. But as neither this, nor any other system of machinery 
(except that of simple levers), is ever used for weighing^ but 
always for communicating motion^ we must remember that 
the conditions of equilibrium only inform us what degree of 
force applied to one part of the machine will balance a given 
resistance at another part. But before motion can be pro- 
dudedj there must, in addition to this, be a redundancy of 
one force over the other, sufficient to overcome the friction 
and other passive resistances, the determination of which, as 
"ivell as of the rate of motion produced, belongs to dynamic^. 
Now, as the levers (in figs. 20, 22, 24) become levers of the 
second or third kind, according as the slower-moving or 
quicker-moving force preponderates, so the train of wheels 
(^g> 32) serves to concentrate or diffuse force according as 
p or w preponderates ; for in one case a weak force, by acting 
through a great dpace, is brought to bear upon a powerful 
resistance ; in the other, a great force moving through a 
small range expenils itself in moving weak resistances 
through great spaces. Thus, when a heavy weight hanging 
from a crane descends, it drags the winch round with extreme 
rapidity, but with so little force, that the pressure of a child 
may not only keep it fbom turning, but reverse its motion, and 
80 raise' the weight. Hence power is concentrated when the 
pinions turn the wheeld, but d/ffused when the wheels turn 
the pinions. Thiis the former arrangement is used in a 
crane to gain pof6er, the latter in a clock or watch to gain 
extent of motunL lA one machine many large turns of the 
handle are necessary to lift the weight a few inches ; in the 
others, the descent of the weight a few feet, or the recoil of 
the spiing tbrough three or four turns, suffices to carry the 
seconds iand tbrough 10,080 or 1,440 revoVaXioii^. 
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59. In machines where this increase of motion iit the object, 
and where no exact proportion between the motions is neces- 
Bory, the system of teeth or cogs is seldom used, but the com- 
municatiun of motion from a lai^e wheel to a small one is 
effected in a better as well as cheaper manner by a strap or 
endless band passing over them botli. They may thus be at 
any distance apart, aaid may turn either the same way or 
contrary ways, according as the strap does or does not cross 
between them ; whereas a toothed wheel and its pinion must 
always turn in contrary directions. The strap may also be 
conducted over pulleys in any direction. 

60. Since wheel- work i3used,likeothermachinery, to trans- 
mil and modify force, it id often a matter of nice calculation 
and contrivance that the precise effect intended should be 
accomplished, especially in watch and clock work, where the 
otiject is to produce uniform motions of rotation, in times 
which are exact multiples of each other. 

In. ordinary wheel-work it is usual, in any wheel and 
jnnion that act on each other, to [use numbers of teeth that 
axeprime to each other,* so that each tooth of tho pinion 
may encounter every tooth of the wheel equally often ; by 
irbjch means any irregularities will tend to diminish by con- 
stant wear, instead of increasing, aS they must do in watcbes 
and docks, where the above plan is evidently inapplicable. 
In these, as well as all other systems of wheel-work, great 
attention must be paid to the forms 
of the teeth and leaves, otherwise 
there triU be a jolting, grinding ac- 
tion, which would end in their mu- 
toal destruction. The teeth should 
be formed in such a manner that 
those of one wheel press in a direc- 
tion perpendicular to the radius of 
Ihe other wheel ; that is, the pressure 

" ISMmbera prime to each olher ara auch M^Wft 
SBie, except 1. 
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should be tangential to the wheel, &a the line a b, £g. 33, or 
tangential to the pinion, us the line ab. It is also deanUi 
that during the entire action of one tooth upon anotber, 
the direction of the pressure aliould be the same, so U 
to produce a uniform effect, \>y acting with the eaoie lever- 
age. The teeth should be so formed that one to&j nH 
upon the other, and not rub or scrape." It b also of import- 
ance that as manj teeth as possible should be in contact it 
the same time^ so as to distribute the pressure amongst then^ 
and thus to diminish the pressure upon each tooth. Heou 
pinions of less than 10 or 12 leaves are objectionable; bat 
there is, of cout^se, a. limit to the multiplication of teeth, bOK 
their becoming too thin to withstand the pressure- It is 
desirable that the same teeth in the wheel should be et^ 
as seldom as possible with the same leaves of the pinion wluA 
works it. If, for example, the number of teeth in the whed 
were 60, the number of leaves in the pinion 10, each leaf of d)« 
pinion would engage every tenth tootb of the wheel, ani 
Would always work oa the same six teeth with every rBVolO' 
tion of the wheel. In clock-work this is, of course, unavoid* 

* The complete attainmeDli, howevor, of all these eonditions at 
la impoBBiblo, and T017 proronad anatjeU has liecu found necessK 
determine what forms of teeth will secure the nearest approach to thoa. 
For some purposes, the epicycloid (or cnrve described by a point i 
clrcamferonee of a Bmall circle rolling round the rim of the wheel) ha 
been proposed ; and for others, the side of each toolb should tM U' 
evoliite from the pilch-lioe, (that U, it should ha descrihod by a pencil 
confined by a thread that is wtioound from that line.) When thetmlh 
an Dumerooa, this curre will approivh to a circular arc la all ant, 
the te^ should project the same distance beyond the pitch-line, that 
their intervals recede within it ; and the portions of their aides situate^ 
within tbis circle are uBually mo.de straight aod radial. The oondltiona 
above mentJoncd arc less attainable in pinions tban in wheeU, and hUH 
1e«a in proportion as the leaves are fewer. Hence, the best form rf' 
pinion, where great Btrenglb is not reqaired, is that caUed the InmtEff 
or lantern pinion, vbich conaistB of two dit^s, counected near UiMt 
elrramferenee bj S or 10 cjlindlical ToaB,iiliii;VL6eTie\nBtead of leaves [ 
and if tbeae be m&de to turn freely oii tWvT axes, \\ie TQ^ftii^TOttdusftii 
. eagnred, ti;i^tiier with other advunte-^fe- 
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L&ble, but uullwrights generally contrive so that the number 
^ of teeth, is just oqb more than a number which is exactly 
divisible by the number of leaves. This odd tooth is called 
the hunting-cog. \t, for example, the pinion contmn 8 leaves, 
and the wheel 65 teeth, it is evident that the wheel must 
revolve 65 times, and the pinion 8 X 65, or 520 times, before 
the same leaves and teeth will be ag^n engaged. 

61. Toothed wheels are usually divided into three classes, 
according to the position of the teeth with respect to the 
axis of the wheel. When the teeth aie raised upon the edge 
of the wheel, as in fig. 33, they are called ipur-wkeeU, or 
spur-gear, which necessarily turn both in the same plane. 
When raised parallel to the axis, as in fig. 34, they form a 
.crown-tviieel, which, by acting on a spur-wheel, turns the 
Jatter in a plane at right-angles to itself. When the teeth 



Fig. 34. 



a surface incJined to the 
I'plane of the wheel, they are called 

beveUed-roheeU, which are capable of 
pConunimicating motion in planes in- 
lOlined at any angle to each other 

(flg. 35). Spur-gear is, therefore, 
..need (br communicating motion round 

one axis to another axis parallel to it. 

See fig. 32, where the three axes are 

parallel to each other. Where the 
,axes are at right angles to each 

Dther> a crown - wheel, working in 
,A Bpur-pinion, as in fig. 34, may be 
.used. The same object may also be 
jbetter accomplished by two bevelled - wheels. But by 
|,t>evelled-wheela, also, a motion round one axis con be com- 
jnunicated to another, inclined to it at any proposed angle. 

See fig. 35. In such a case, the surfaces on which the teeth 
lAre raised are parts of the surfaces of two cones, and the 

mode in which they act may be conceived by ^laida^ t^o 
MSB side bj- aide, aBdae, eadl. IE one\»i muiftVi'^e.-s'i.-^t, 
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t will cause tbe other to re- ] 
Tolve also. If the bases of tlie 
) be equal, they will re- 
! in equal 1 
equal, tlie number of revolutions 
vill bear the eaiue proportion 
.0 each other. So also the I 
properties which belong to the 
whole cones will belong to anj 
corresponding parts of them, 
such as bh', c </, dd', and would' 
therefore apply to wheels, ihv 
edges of which are parts, fri', 
', &c. of the conical surfaoa. 
is necessary, however, 
the vertices of both cones should coincide as at o ; thereTon 
the axes of both wheels must be imagined prolonged till th^ 
meet, and this point will be the common vertes of the cooeB. 
62. The machines which have been hitherto considered an 
of two kinds, rigid a-od Jkxible, The former owe much of thett 
mechanical advantage to their inflexibility ; for if levers w 
Capable of bending, it is obvious that the laws which regu- 
late their action supposing them to be rigid, would no longer 
apply, or at least wOuId require considerable modification. 
In thecordg, however, used as in figs. 31, 32, for converttng a 
straight into a circular motibn, or one circular motion i 
another, as in the endless band described in 59, perfect fiex' 
ibility is aa great a desideratum as perfect rigidity was in tht 
former case. Of course it cannot be attained, but, in con- 
eidering the theory, it is, as already stated (29 and 14 notejt 
far more easy to consider that we have attained such p 
tion, and afterwards to make allowances for whatever ii 
feres therewith, than to attempt, in the first instance, tO 
solve the problem complicated with these extra and varying 
QDBStities. 
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machine which enables us to transmit force from one point to 
another in the direction of its length, as well aa by a rigid 
tar or rod, hut with this difference, that the forces which are 
opposed to each other must always be diveUent, whereas with 
a rod they may act either from or towards each other. So far 
the rigid body appears to present an advantage. Bat the 
chief advantage of the ropa is, thai, from its fleKibility, a 
force acting in one direction may be made to balance an 
equal force in any other direction. 
Thus, the weight w, fig. 36, acting in 
the direction h w, may, by means of a 
rope passing through a fixed hook oi 
ling n, be sustained by a power p act- 
ing in the direction p a. 
the rope to be perfectly flexible 
emooth, it vould suffer i 
either from rigidity or frii 
passing throagh the ring, and the cord 
would be stretched everywhere wiili 
fhe same force which is equal to that of the weight w. 

63. We see, then, that the alteration in the direction of the 
power, by passing the rope through the ring at p, makes no 
difference in the power ; it merely enables us to alter its 
direction : this, however, supposes the rope to he perfectly 
emooth and flexible, and the ring free from all roughness ; 
but, as it is not possible to fulfil these conditions, the friction 
arising from the opposite qualities is greatly diminished by 
Bubstituting for the ring a wheel grooved at the circumfer- 
ence, and turning freely on an axle passing through its 
centre. Such a wheel is called a pulley, and we have already 
msde use of it for altering the directions of forces, in the 
experiments illustrated by figs. 7 and 22. We have now to 
show how, by a different arrangement of pulleys, force may 
not only he transmitted, but also concentrated in degree, thus 
renderingfhia machine oneof the so-colled mec\ia.ifliL^Y™'*^^» 
bat tboagb the puUei/ is commonly caUci XV ^^i\■E^. '^'i. "^tosaa^ 
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jet it must be remembered, that the cord or rope is the 
efficient agent, no mechanical adrantage being gained bom. 
the puUej ; for the theoiy of the piillej, as a mechamctl 
power, would be just as complete if the rope were poBsei 
throDgh perfectly smootli rings, as in Sg. 36. The leA, 
mechanical advantage to be derived from this machine la 
founded on the fact, that the same flexible cord must alwayi 
undergo the same tension in every part of its length. 

64. FullejB are called Jired or moveaiik, according as^their- 
frame is fixed or not, for the eheaf or wheel is always movd- 
able on it3 axis. In fixed pulleys, sach as those in figs. 7, 2% 
Tin «- '^^ power and the load are equal, W 

that there is no mechanical adTaiitag% 
but only a convenience in being able » 
apply the power in any irequired direv 
tioQ. A tingle_ nwveable ptUieif, alsa 
called a runner, is shown at A ft - 
fig. 37. 

In this example it is evident that tha 
rope must have the same tension eveijp 
where throughout its length, or the- 
system would not be in equilibrium ; 
and, further, in order to be in equi« 
librium, the tenaion must be equal to 
the power p ; thus the power p is sup- 
ported by the tenaion of that part of 
the rope which is between c and p. IS 
we call this 1 lb. it will be found that the load w must bQ 
2 lbs., because this is supported by that part of the cord 
lying between h and b, and also by the part between* 
D and A. In fact, these two portions, bb and ad, of ttiAi 
cord sustain the weight between them. Or we may regard the 
horizontal diameter of the pulley a b as a lever of the second, 
kind, having its fulcrum at b, tlie power applied at a, and tha 
load hanging mid-way between them. In this arrange-' 
iBeat, therefore, the power is capaVAii u? \iniBRciii%ii.-^^^^ 
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sg Q{q)o8iiig a reeutance of twice its own amount. It should, 
', be observed, tb&t in reckoning the load we must 



Fig. 38. 



Fiff. 39, 



i the weight of the 

table pulley a b, which 
I sustiuned by the 
power. In fig. 38 the weight 
is equal to three timea the 
power, and in fig. 39 to four 
times the power. In each 
of these cases it wiU be 
that the tension of 

[. part of the rope ia 

I to the power p. In 
<88 the load w is dis- 
tributed equally among 
three portions, and in fig. 
39 among four portions of 
the rope ; and as each por- 
tion is stretched equally by 
the power, it follows that 
ia the one case the weight 
raised is nearly equal to three times, and, in the other case, 
to foDr times the power. Hence it appears that in systems 
of pulleys with one rope and one moveable block,* the load 
is B3 many times the power as there are different parts of the 
Tope engaged in supporting the moveable block ; and, in 
general) when the power acta downwards, the number of 
poQeys required equals the nmaber, of times that the power 
is to be concentrated ; but when the power acts upwards one 
palley may be dispensed with, for in the last three figures 
die power p might have been applied to pull up the cord a. 



* The Uodc ia tbe framework in which the wbeoU or aheanu are 

■eonred b; means of the pivot or axle. A combination of UockB, 

eheaves, and ropes, is called a tadde. In the puHep repreaented in 

ll^Wtlie eheaveB move on separate iixleB; it \a,\i0fle"iei,"QiQt6 ■assj&.Na 

B^^B|ieai aide by aide on tbo Kmie axlu, aa ia &g. a^- 
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without the intervention of the fixed pulley c, wMch adds J 
nothing to the mechanical effect. 

65. In the preceding cases we have supposed the p 
of the rope which support the weight, to he parallel, orl 
nearly so. When such is not the case, the ina,clune it I 
greatly deteriorated as a mechanical power ; indeed, at I 



Fig. 40. 




obliquities, thoj 
power would require ti 
be greater than the weigh^ 
in order to produce equfe 
librium. In order to de)"] 
termine the power a 
sary to support a giret J 
weight when the porta oi^ 
the cord B C, B H, fig. 4 
are not parallel, take tl 
line B A vertical, and consisting of as many inches as the weigl 
consists of ounces or pounds, 
to B n ; and from e draw a e, parallel to b c. The force 
the weight represented by the diagonal A b will, as we hai 
already seen, (9, 10), be equivalent to two forces repre- 
sented by B u and b e. The number of inchea in these lines 
respectively will represent the number of ounces, or pounds, 
which are equivalent to the tensions of the parts b c and b b 
of the cord ; but as these tensions are equal, b d and b e 
must be equal, and each will express the amount of power 
which stretches the cord at p c. As each of the four sides 
of the parallelogram a e b d equally represents the power, 
and as the diagonal a b represents the weight, the latter 
must always be less than twice tlie power which is repre- 
sented by A E, E b, taken together. But if the angle C b H 
exceed 120°, a b will evidently be shorter than e B or an, 
BO tliat the power at p will require to be greater than the 
weight "w ; and this excess may be in any proportion, eo 
tiat it ia impossible by any power upplied at p, to pull the 
cord CBB matiemafically straigbt, ^lo-se^e^ amaSi "Ca^ 
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W may be, or even if there be no weight except that of the 
cord itself. Hence, also, we see the reason that a herp- 
Wiing, however tightly stretched, can always he pulled aside 
by a very small transverse force, almost infinitely less than ita 
longitudinal tension. 

66. In testing the theory of the pulley dynamically, or 
by the principle of virtual velocities, we find that in thia, 
oa well as in all other machines, whatever is gained in 
force ia lost in velocity. It will he found in all the ex- 
amplea adduced, that the ascent of the weight is as many 
tiinea Iras than the descent of the power, as the weight itaelf 
is greater than the power. Thus, (in fig. 39,) if the power 
be I lb. and the weight 4 lbs. and it be required to raise the 
weight 1 foot, the power must descend through 4 feet; for, 
in order lo raise the moveable block 1 foot, each of the four 
portions of cord by which it hangs must he shortened 1 foot; 
bat as they all form parts of one continued cord, this must 
on the whole be shortened 4 feet, i. e. 4 feet of cord must 
pass out from the system between the blocks. " What then 
do we gain by the pulley ?" it may be asked ; the answer ic^ 
We gain nothing at all ; for, as far as expenditure of power 
is concerned, we may juat aa well do without the machine ; 
we gain no power by its means ; all we do is to economize it 
and expend it gradually. In raising a weight of 50 lbs. one 
foot high, the expenditure of power is obviously the same, 
whether we accomphsh the task hy raising 1 lb. through 50 
feet, or 50 separate lbs. through 1 foot ; and in the pulley, 
OT any other machine, a weight of 50 Iba. cannot be raised 
% given height with a less expenditure of power than is re- 
quired to raise 100 lbs. half that height, or 1 lb. 50 times 
that height 

67. In the common form of block, and when there are seve- 
ral sheaves on the same axle, it is difiicult to keep the cords 
parallel, and the blocks in their respective positions. To 
remedy th).^ Smeaton invented the bVoc^tsft\v^y'^■a^■a.tV^■* 

wiiicb will be more infelUgible witt the omiaawa il "Cas. i«^ 
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ItB course, however, can easily be traced by means of t 

niimbers affixed to the sheaves. One end of the rope 

Pi^. 41. attached to the hook o, at the bottcnn • 

I the upper block; from this poiot the rp| 

s brought under the wheel marked 1,ot 

2, under 3, over 4, under 5, and so on, • 

cording to the order of the flgurea, nnl 

B fiuaUy passed over the wheel markl 

on which the power immediately ael 

I In this arrangement the blocks cannot g 

iDged, because the power acts direct 

r the weiglit. The weight being di 

I tributed over 20 parts of the rope, whi 

e equally stretched, it follows that d 

weight is 20 timea the power, 

I arrangement of this kind i 
I accompanied by an enormous amount i 
I friction ; each wheel not only having t> 
I bear the friction on its asle, but tn> 

I qucntly also against the side of the block. 1 

II Another objection arises from the very ] 
different velocities with which the sheavea revolve. Sup- I 
pose tiiat by the action of the power the lower block ia | 
raised one foot nearer to the upper one ; the several parU . 
of the rope between the two blocks will each be shortened | 
by one foot. One foot of that part of the rope extending I 
from the ring in the upper block to the wheel No. 1, must 
paaa over tliat wheel, and also over aU the succeeding wheels. 
But that part of the rope extending fi'om No. 1 to No, 2 u 
aUa shortened hy one foot, and this additional foot of rope 
mnst also pass over No. 2 and all the succeeding whed& 
Hence, one foot of rope passes through No. 1, two feet 
through No. 2, three feet through No. 3, and so on ; and h 
the velocities with which the wheels revolve are measured 1^ 
t^e quantities of rope which pass over them in the sanW 

time, it follows thai while No. 1 revoV-Jta wnift, "So. ^ i 
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f twice, No. 3 three times, and bo on ; thereby pro- 
□ enormous inequality in the wear of the axles. 
68. To remedy these defects, it was suggested that if the 
wheels were made to diS'er in size in proportion to the quan- 
tity of rope which must pass over them, they would revolve 
in the same tiaje, and might therefore be all fised on the same 
uda, and would require no divisions between the different 
iheaves of the same block. For this purpose, the sheaves 
iroald require to have their diameters in the proportion of 
the numbers with wliich they are respectively marked in 
Bg'.41. By proportioning wheels in this a 
them on the same axle, so that they 
Inight revolve in exactly the same time ; 
yr, what is the same thing, hj cutting 
jeveral grooves upon the face of one I 
©lid conical wheel, with diameters in 
be proportion of the odd numbers, 1, 
}, 5, &c. for the one pulley; and cor- 
feapondinggroovesonthefaceof another fl 
lolid wheel, in the proportion of the ] 
sven numbers, 2, 4, 6, &c for the other 
iuMej ;* on passing the rope success - 
.vely over the grooves of such wheels, 
t would be thrown off in the same man- 
ler as if each groove were upon a sepa- 
ttte wheel, and each wheel on a separate 
Lxis. Such is the pulley invented by 
Br. James White, and represented in 
Ig. 42. Its mechanical advantages arc 
pery considerable ; and when carefully I 
Bade it is found to answer all that w 
Opected of it; but this very care r 
|uired in its construction is the chief 




P ■ The end of the tape must tw attaclied to Vtaa \W,Ve;v'\j\tjc!i^-«"iMiCBK.i 
fie Ibe Eied or the moveable on«. 
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cause of its not getting into general use; for unless the groort 
are proportioned with great nicety, the rope must obvioual 
slide upon some of them, t. e. move with a different sped 
from that of their circumferences, thus causing a great ii 
crease of friction, and liability to derangement. 

69. In the systems of pulleys hitherto described there i 
always a fixed point which supports each system, answering t 
the fulcrum in the lever. It ia evident that tliis fixed poii 
sustains both power and weight, as well as the whole tadd 
When the system is in equilibrium, the power only suppc) 
so much of the weight as is equal to the tension of the col 
the whole remainder of the weiglit being thrown on t 
fixed point. In fact, in this, as in all other machines, t 
power sustains just as much of the weight as is equal to i 
own force, the remaining part being sustained by t 
machine. Thus the above system is in equilibrium -with' 
power of 10 lbs. and a weight of 70 lbs. Now it is obT^ 
ously impossible for this smaller weight to sustain the largi 
one: the tension of the cord marked 1 is equal to 10 Ibl 
Fig. 43. fid as the tension is everywhere 

it follows that each portion of the cord i 
to 8 has a tension of 10 lbs. ; ao that i 
cord No. 1 sustains the power == 10 Ibl 
and the seven other cords (2 to 8 incluav 
sustain between them a weight of 70 lbs. 
70. In the pulleys hitherto described o 
one rope has been introduced ; we have n 
to consider the effect of several disticet ro 
in the same system. Pulleys containing m 
than one rope are called SpanUh i 
Such a system is represented in fig. 43, o 
ing two ropes. The tension of the r 
p 11 A D is evidently equal to the power ; c 
acquently the portions A B and a d must ea 
sustain a portion of ibe ^ev^ht wyial to i 
The lope CB awatraa* ftia \kq3 
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)Df B p and B A, and therefore the tension of b c a must equal 

twice the power, Tbe united tensions of the 

ftopea which support the pulley A amount , 

[therefore to four times the power. The ten- ' 

wons of the respective ropes are marked in 

lifigures, so that the reader will he able to 

'-Btudy the system from the figure itself, which 

I'lB an excellent method of impressing mecha- 
nical principles on the mind. AJl verbal 

li descriptions must necessarily be somewhat 

I complex, and consequently far inferior to the 

I graphic eloquence of a well-drawn diagram. 

I 71. By a slight variation in the last-men- 

] tioned system, the power of the machine may 

I' be increased {see fig, 44). The rope which 

|i BustMns the power p is here attached lo the 
block A, and consequently sustains a part of 
the weight equal to r. The second rope b c a d 

I, acts against the united tensions of p u and 
B A, so that the tension of b c, or 

,■ C A, or A D, is twice p. Thus the 
weight ff balances three tensions, 

, two of which {AC and ad) are 

. each eqnol to twice f, and the third 
(a b) is equal to P ; hence the 

, weight is five times the power. 
72. In the system represented 

\ in fig. 45, four ropes are intro- 

(■ duced. The tensions of the several 

I ropes will be understood from the 

I' numbers, and it will be seen that 

I' in this arrangement the multiphca- 

ii tion of the power increases rapidly 

i' with the number of pulleys, being 

P" lubled bf every moveable pulley 
ded; iW(ij3 advantage over the 
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common arrangement is more than counterbalanced by ti 
very limited range ; for in the common blocks, the Tnotd< 
may be continned till the fixed and the moveable block coi 
) contact ; but in this system, only till D and s cod 
together, at which time G 
1 other pulleys will be farapai 
•ause c risea only half aa Sa 
as D, B only one-fourth, and j 
only one'cightb as fast. EeH 
the longest possible range i 
but a small portionof the whol 
height occupied by this By( 
I tem, which accordiogly enta 
a great waste of space, and i 
hardly of any practical uat 

73. The mechanical 
cieney of this system may b 
greatly increased by Bube 
tuting fixed puIIeyB for ) 
I hooks in fig. 43, the numt 
ropes remaining the bi 
In this case, fig. 46, the te 
13 of the successive rop 
[ increase tn a threefold, inste 
a double proportion, as w 
he evident by tracing the course of each rope in flg. 46. . 
such an arrangement one rope would balance three times t1 
power ; two ropes 3 X 3, or 9 times the power; the third 
rope balances three portions of the second, and consequently 
its tension would equal 3 x 9, or 27 times the power; t 
fourth rope, in like manner, balancing three distinct portioiH 
of the third, would have its tension expressed by 3 X 2 
= 81, which would be the weight w, the power f being 1, 

• Ilfl Bgvtet at the top of the laal four diagrann *tD« Hit 

^^ 'rfiesefeniJ points of suapensiou. TiieieaaQn.loi\."&owiV-iS\. 
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iTie limited range of this, aa of the last ajstera, renders 
it pmctically useless. 

74. In these casea we have not noticed the effect of the 
ivetghts of the sheaves and blocks. On examining the Bgures 
it will be found that in some casea their weight acts against 
the power (figs, 37,' 38, 39, 41, 42, 43, 46) ; in other cases, 
tbey assist the power io supporting the weight (figs, 43, 44); 
and there are cases in which the weights of the sheaves and 
blocks are made to balance eacli other. 

15. The next so-called mechanical power is the inclined 
plane. It is equally simple with the lever; and, like that 
machine, naturally suggests itself to the mind in raising a 
load to a moderate height, especially when the load is of 
socb a form as to admit of being rolled. Thus heavy 
casks are raised into a cart or dray by means of a ladder 
used as an inclined plane ; and are moved out of the cart by 
Ihe same contrivance. In such a case, the strength of one or 
two men is sufficient to raise a load of many hundredweight, 
which but for this, or some other machine, they could not 
possibly lift f^om off the ground. 

76. Now the statical problem of the inclined plane is this: — 
mppoee, for example, it is required to raise a cask weighing 
iOOO lbs. into a cart 5 feet high, by means of a ladder or 
plank 14 feet long, resting against the cart. The question 
is, What force must be exerted to prevent the cask rolling 
down the plank, supposing it to have no Miction? The 
ftBSwer is 357^ lbs. ; because the force would have to act 
through a distance of 14 feet or inches, to raise the weight 
inches higher, or it would be driven back 14 units of 
lengtli, by the descent of the cask 5 units lower. Therefore, as 
14 ! 5 t: 1000 lbs. : 357-f lbs. That is, if a man by himselt; 
or'tiro men acting tc^ether, exert a power of 357^ lbs. in 

a inepecUng the ropoa han^g from each point ; and bf adding 

ices together it will be seen IWt iti &\\ cwst, *C&k^ «^& 
tflhe power p and tlie weight w. 
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the proper direction, the7 will be able to keep this caski 
1000 lbs. weight from rolling down, however smooth 
be the inclined place ; but aa there ia always some frictii 
a less power than this will always suffice to prodi 
brium.* 

77. This case ia clearly analogous to those ak'eady nofii 
in the lever and the pulley, where a small power appeaisi 
balance a weight mauy times greater than itself. But 
rigour of mechanical justice requires that for work 
there shall always be an equivalent expenditure of {a 
that for every weight raised there shoU always be eji eqfA 
Talent exertion of power; and in the above example, 4 
see that 1000 lbs. raised through 5 feet^ is equivalent | 
357? lbs. nused through 14 feet, because 1000 x 5 =351 
X 14. 

78. The inclined plane is regarded in mechanical ecient 
a perfectly hard, smooth, inflexible surface, inclined 
to the weight or resistance. The line a c, fig. 47, is 
the length of the inclined plane, b c its height, and j 
base. If a be a heavy body placed upon it, it will act 
vertical direction gv, by a line passing thi 
gravity g. Now a v may be made the diagonal of a 

Pj„ j^ lelogram G w v x, bo tj 

G V represent the r 
and direction of the v 
it may be resolved i 
two forces represented i 
direction and magnitude I 
G w and a x, one of whtci 
parallel, aad the other [ 
pendicular to the plane ; hei 
the pressure G v is equivalent to two pressures, G w and G 
tlie former pressure gw is destroyed by the resiatance 
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ilane, and the latter GX only acts to 
he body down the plane. Now gx is to tg as bc is to 
L B J that is to say, a weight placed upou aii inclined plane 
[a propelled down the plane by a force bearing such propor- 
tion to the weight, aa the height of any section of the plane 
to its length. If, therefore, it were required to draw 
le heavy body g up the plane, any pressure in the direction 
G exceeding g X and the friction, would be sufficient to do 
) ; and any pressure ia the same direction, which, with the 
Action, equals a x, would hold the weight in equilibrium. 

The same thing may be proved in another way- Let G W 
be drawn perpendicular to a c, and g v vertical, which ia the 
Erection in which the weight acta, while x g or g r ia the 
Erection in which the power acts ; and these two forces 
compose a I'orce equal to the pressure of g on the plane, per- 
pendicular to A B, and forming the diagonal G w of a paral- 
Idognim, of which Gv, Ot are the aides. Now, we know 
hy the composition of forces (7, 10, 11) that the three lines, 
o T, and G w, 




w, w Y G, and ABC, being all obviously similar. 

J it ia easily aeen that, if two weights balance each other 

^inclined planes of the same height {as in flg. 48), the 

llinuat be directly proportioned to the lengths of the 

a whiuh they rest. 

V In the foregoing examples the power acts in a direc- 

rtion parallel with tlie surface of the plane, for this is the most 

I advantageous way of applying it,* If \\, wA Viv uo-'^ ti^oiiA 

" Becaose tbe jrboJe effect of the power is exBtte.! V(\ itwm^^ * 

i^bt ap theplme; trbereafl, if the power tie ditecVei ahwt V^ ^i»a« 
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;. 49, we get the proportion of the 
by drnwing W *■ perpendicnkr lu 
the plane a o, w e the ver* 
lical of the centre of gntvi^ 
of w, and E F parallel to W : 
Now the two fomes p and 
must be proportional 
lines w D and w E, or th^ 
will not compound a pressun! 
w F perpendicular to the 
plane, which is necessai^ to 
maintain equilibrium. 
If the power act parallel to tLe base of the plane, as in 
the direction WD, fig. 30, its proportion to the weight will 
be that of the height of the plane to the base, for if w e be 
the vertical of the centra of gravity of w, and w D parallel 
to the base in the direction of the power, then w f will be 
the re3nlt8nt of the weight and power, and must (to preserre 
equilibrium) be perpeudi- 
Fig. 50. cular to the plane ; but this 

cannot be the case unless 
the triangles D F w, w F E, be 
each similar to the triangle 
B A c ; tiieretore the power 
will he repreiented by the 
hLighf c B, the weight by 
the base b a, and the pres- 
sure bj the length a C. 
80, Such are the most important properties of the ini 
plane, to whicli the principle of virtual velocities is m 
pljcable as to the other mechanical powers already conaidi 
Let the weight g, fig. 47, be at the fijot of the plane, and 




^^ la drawl 



t ii parti J expended in diiniDiahiDgthcpreBBure, ud n 
drawing it up the plane. It Ite poww \ie dltecUd helow tAe pi 
SO.itJM partly expendeil inmcr'iaaittsftwTncBRii-rai'iiis.'M 
ty beiag efficient la drawmg tbo -MeisllV i? 'tVa ^"-wq 
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Jwwer P at the top ; tlien let p deacend until g arrive at the 

top of the plane. Of course p will have descended tbrougli 

ft depth equal to the length of the plane, while o will have 

kscended through a depth equal to its height; hence thejier- 

iendicuUiT spaces through which the weight and power move 

time are in the proportion of their velocities. 

Che proportion of the weight to the power is that of the 

ieagth to the height ; hence the power and the weight are 

jeciprocally as their virtual velocities, p multiplied hy the 

pace through which it moves is equal to w multiplied by 

apace through which it moves. Hence, if the height of 

the plane be 2 feet, and its length 50 feet, p will have to de- 

kend 50 feet, while w is raised 2 feet in vertical height; 

md accordingly p must, as we have seen, exceed i of the 

reight of w in order to effect this. In this example we 

lare supposed the power to act parallel to the surface of the 

|tlane. If it act in any other direction, the principle of 

rirtual velocities will stiil be found to apply. 

81. Some of the grandest examples of inclined planes are to 

B fotmd in roads, the inclination of which, when they are not 

!ve!, is expressed by the height corresponding to a certain 

length. Thus, when it is said that a certain road has a rise 

I in 20, &c. it is meant, that if 20 yards or feet, or 20 

»f any other units, be measured ufion the road, the difference 

level between the two extremities of the distance measured 

1 snch unit.* On a level road the power is expended merely 

overcome friction ; and on the same road it always bears 

constant ratio to the load. This ratio varies on common 

mds, according to their goodness, from i to i of the load j 

it on an iron railway it is no more than J- or 1^ theTeofj 

• The object of road-maXing ja to render (.be incliaed planes (irfueh 
naturally short and Bumeroua) aa few aud long as poa3ible,by throw- 
; Kveral intoone. Single plapee, however, of any oonaideralile length, 
I Ttrel J be obtained. There la said to be none longer than that from 
aa to Callao, wbicb is about emileB,audbii,aii.fl.c»Cflto.dl^\\\wii.,OT 
aat 1 in 80. 
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according to the dryness or dampness of the rails.* NoW) 
on a road rising 1 in 20, the power (a horse, for example) has 
not only to overcome friction, but has reallj to lift one* 
twentieth of the load. So that if the whole force required 
on a level road were i of the load, on this rise it would be* 
come -^7 + -!t, or would be tiot quite double the force required 
on the level. But suppose that, instead of a common rood, 
it were a railway, and that the force required on the levd 
were only ^ of the load, then on the inclined plane we 
should require i^s + g, ™ i^» ^^ ^9^^ times the power re- 
quired on the level. Hence the reason that st«ep planes are 
so much less admissible on railroads than on common roads; 
and it is often necessary in roadrmaking, and especially rail- 
road making, to take a circuitous route rather than canj 
the road over a steep hill. So, also, a careful driver, in 
ascending a steep hill, will vjind from side to side of the road 
to save his horses, knowing practically that in ascending a 
certain height the exertion is less by increasing the distance^ 
which is done by this zigsag motion. The reasons for this 
practice, however, belong rather to physiology than to me- 
chanics, because, mechanically, the whole exertion required 
to lift the load to a given height must be the same, whefhw 
the route be long or short ; and the exertion required to over* 
come the friction must be greater, the longer the journey. 

It was seen in fig. 48, that a weight upon one inclined 
plane may be made to raise or support a weight upon another 
inclined plane. It is not necessary that the two inclines 
should form an angle with each other, as in the figure* 
They may be in any position, and be connected by a rope 
passing over wheels, &c. Thus in some railways loaded 
waggons are made to descend one incline, while another set 

* Hence a carriage left to itself on an inclined road, will not roll down 

pnless the inclination exceed 1 1^ 20, or 1 in 40, (according to its 

.Jlimt>oihneBa,) but on a railway it will roll down an inclination of 1 in 

ISO or 200. For particnlars respecting sliding td^Woxn, wt **'^'Qi!^i!a&fisQ^a 

ip/CiriJ JEDgineering,'* Part L pp. 31— ft 5, 
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t waggona ore, b; the descent of the former, drawn up 
aother iDciine. 

82. Instead of lifting a load hy moving it along an inclined 
dsne, we may effect the same thing by thrusting an inclined 
llane under the load : a moveable inclined plane is called a 
fedge, and has sometimes been raised to the dignity of a dia- 
Inct mechanical power. In its simplest form, as used for 
Ipising weights, (such as shores placed to support buildings, 
ibe centres for arches, &c.) its theory is precisely similar to 
ihat of fig. 50, in which, instead of drawing the load in the 
Krection w d, we may draw the moveable inclined plane (or 
vedge) a b c, in the opposite direction d w ; and if w be free 
a move only vertically up and down, it will obviously be 
raised through a height equal to n c by the motion of the 
iredge throngh a space equal to b a. In the wedge or move- 
Ibl6 inclined plane, then (omitting friction), the moving 
wver must bear to the resistance moved, the ratio which 
the height of tlie plane bears to its base, and not (as in the 
Ised inclined plane, fig. 47,) the ratio of the height to the 
bnjf/A. In the fised plane, therefore, the powei* always 
balances a load greater than itself, however steep the slope 
taay be ; but, in tlie wedge, the power and load will be equal 
if the slope be 45" ; and if it be steeper than this, the power 
Irill have to exceed the load. Thus, when the centring for 
m arch descends by displacing the wedges on which it rests, 
1 great power expends ilaelf in overcoming a very small resist- 
tttca, TiK. tliat arising from the friction of the wedges ; and, 
jBnerally speaking, it is not even able to overcome that re- 
stance. 

83. As the wedge is commonly used for separating two sur- 
faces that are pressed together by some force which consti- 
llttes the resistance, we must regard it in this case as a 
'icn^le wedge, or two inclined planes joined base to base. 
Bach a wedge is generally used for t\fta.\m% ^Ytds«\, Vti 
trbich case it is urged by perouBaioQ. Ka •Ee^wsfta. "-»» 
OSciency aa a inacliiae, the same ra\e liaa \jfee"!i «.\i^ve&. ^ 
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J to otlier simple machines ; the force acting od tli 
g considered to move through its length d Cf vi^ 
the reaistajice yields to the extent of Iff 
breadth a b. The force of percussion ^ 
we shall presently explain) differs S^ 
completely from continued forcesi 
as we have hitherto considered, that 
admits of no numerical comparison 
lliem ; i.e. the proportion between a 
and a pressure cannot be defined 
that the theory of the wedge, as 
in scientific mechanics, is of scarcely 
practical value ; and, besides this, the value of the wvi 
ofien depends upon that which is omitted in its thw 
namely, the friction between its surfaces and the subettl 
which they divide, as in tlie case of nails, bolts, and pi 
used for binding substances together. Indeed, if it 
not for friction, tlie wedge would recoil after every blo 
hence tJie friction, in this case, has been aptly comparoct 
the ratchet-wheel (fig. 31), which allows the interniis^oi 
the power without loss of efi'ect. 

84. The wedge is especially useful where a very great f^ 
is required to be exerted through a very small space. .A 
chimney, which, through some defect in the foundatioDi 
fallen from the perpendicular, has been restored by meat 
the wedge. A ship is often raised in dock by wedges dril 
under its keel. The wedge is the chief power used ii 
oil-mill, where oil is obtained from seeds by enormous 
sure. Masses of timber and stone ore also split by mow 
of the wedge. The application of the wedge is most exIM 
eive in cutting and piercing instruments, such as raaJ 
knives, chisels, awls, pins, needles, &c, The angle of dl 
wedge is made to vary according to the purpose to wiuii 
the instrument is to be applied. The mechanical jtcwer-a 
tie wedge J8 increased by dim'\tt\B\™5 i\a Mv(^\e,, \ka, 
portion as tbia is done, the Btreiigt\i ot t\ve\.oo\ift&Q 
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Accordingly, the angle of the wedjie ia aiada to vary in dif- 
ftrent tools ; in those used for cutting wood it ia genendly 
aboat 30°; for cutting iron, it ia from 50° to 60°; and for 
bresa, from 80° to 90°. 

85. Another variety of moveable inclined plane, com- 
monly regarded aa the aisth and last simple machine, 
ia called the screw. In the case of the inclined plane, 
its mechanical p.fTect ia not impaired by git'ing it a curved 
instead of a straight course. Whether it be made to wind 
round a hill, instead of proceeding in a. straight line to the 
summit, is a matter of no consequence, except that the wind- 
ing incline will be longer and easier than the shorter and 
Steeper one. Now, the screw is nothing more than an 
inclined plane winding round a cylinder, and bearing the 
same relation to the ordinary inclined plane, that a circular 
Haircase does to a straight one. The cylinder constitutes 
the body of the screw, and tlie inclined plane ia called its 
morrn or thread. 

The screw, then, is an in- Fi^. S2. 

tlised plane, cxtnatructed upon 
the surface of a cylinder: and 
the usual method of forming it 
is at the turning lathe, in which 
a cylinder of wood, or metal, is 
made to revolve upon its axis ; 
and a catting point being pre- 
MBted to it, ia moved in the 
dinection of the length of the 
tjUoder, at such a rate as to be 
carried through the distance a b 
between two turns of the thread, while the cylinder revolves 
TOce. The shape of the thread may be square or triangular j 
the former being the stronger, but the latter having least fric- 
^ioii, because least surface to rub. 

Httft. Ia the application of the screw, tbe 'powe.t '«. -wMsa:^ 
^^^■vC'ed bj causing the screw to mo\e ftnoxx'^ a.V<Si!*l 
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cylinder, or nutj N, on the interior surface of wldch are a 
number of threads, exactly corresponding to those on the 
screw. The threads of the screw moye in the spaces between 
the threads of the nut, and vice versd. The power is api^ed, 
either to turn the nut while the screw is prevented from turn- 
ing, or to turn the screw while the nut is kept from taming. 
Neither can be done without producing a longitudinal motion 
of one or the other, whichever meets with least longitudinal 
resistance ; but this resistance may exceed the turning power, 
in the proportion that the revolving motion exceeds the longi- 
tudinal motion. Thus we gain power by losing motion, as 
in all other cases where power appears to be increased. 

87. In the method of appljdng the screw, shown in the 
above figure, we get really a compound machine, consisting of I 
the lever and the screw. The power is applied to the end of i 
the lever at p, while the weighty or pressure, w, is sustained by 
the screw, as in the common screw-press. Now, supposLog. 
the distance A b, between any two threads of the wsrew, to. 
be half-an-inch, and the circumference of the circle described 
by turning round the end of the lever p to be 5 feet> or 60 
inches, or 120 half-inches ; then, a force or pressure of 1 lb. 
at p would sustain 120 lbs. at w. This is, of course, omit- 
ting the effect of friction, which in the case of the screw 
is very great.* The condition of equilibrium, therefore^ i% 
that the power, multiplied by the circumference which it 
describes, is equal to the weight, or resistance, multiplied by 
the distance the screw or nut can move longitudinally daring 
one turn, L e. the distance between the centres (or other oor^ 
responding parts) of two contiguous threads, or rather turns 
of the same thread,f (which distance is called the pitch of 

* It is almost always sufficient by Itself (as in the wedge) to balanee 

the longitudinal force w without any assistance at p. Thus, it genezallj 

happens that no longitudinal force is sufficient to turn the screw, for 

its threads would be destroyed rather than turn. 

/ In £g, 52 tbiB distance la twice k b, 1mc&\um V)ci« ««c«« \& doMUUr 

i^readed. Screws with more than one thieaA axe oecaavoTisS\":S ^^xi^n^st) 
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llie screw.) Or, the power : tKe weigbt ; : the distance 
between two contiguous threada : the circumference de- 
scribed by the power ; which agrees with the principle of 
rirtual velocities. 

It will be seen from this, that we may increase the mecha- 
nicsl efficacy of the screw, either hy causing the power to 
move through a greater space (by increaaing the length of 
ibe lever) ; or, secondly, by increasing the number of turns 
of the thread, the effect of which will be to bring them 
cloaer together. Thus, in the above example, if the pitch 
« ^ instead of ^ an inch, the other conditions remaining 
same, the efficacy of the machine would be doubled, 
, the power of 1 lb. would sustain 240 lbs. instead of 
120 lbs. 

88. There is, however, a practical difficulty in increasing the 
luunber of turns in the thread of a screw, for, as they become 
OQwded into a small space, they become more delicate, and 
are apt to be torn off under a considerable force, while, if the 
length of the lever be increased, the machine becomes un- 
wieldy. These objections have been entirely got rid of by 
the ingenious contrivance of tlie differential screw by Mr. 
John Hunter, the celebrated surgeon. A b, flg, 53, is a nut, 
or plate of metal, in which the screw CD plays. We will 
suppose the number of threads in this screw to be 10 in 
every inch. This screw c d is a hollow nut, receiving the 
smaller screw d e, which contains, we will suppose, 11 
threads in every inch ; this smaller screw is free to move 
longitudinally, but prevented from moving round with the 
ser, by means of the frame-work a f g b of the press. Now, 

i nade. Thej are only naefnl ia caaoi where a longitudinal force 
3 Mtary motion. For instanoo, the inwrior ot a rifle- 
■ev, or ratber »vi of this hind, intended to imparl to the 
1 rotalioa round the line of ita motion; the use of which ia, to 
prevent a rotation round ant/ other axis, which usually takes place 
[prqiectiles, and funless thoj bo periectlj 6^'hcAMiJi'^ 'ai.' 
« Cber ei 
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if it had moved lOtii 

been turned back agai 

will advance 1th of an incb, and at 

it will advance ith of 



if the handle c s l be turnd 
rouod lOtJmea, the screw cd will 
move 1 inch upwards; and iftha 
smaller screw D E were to mov^ 
with c D, the point e would ad- 
vance an inch. If we then timed 
tlie screw D E alone 10 times back- 
warda, the point e would mo' 
down l^ths of an inch; and ti 
re-ult of both motions would hi; 
been, to lift the point e Ithof u 
inch upwards. But if the screw 
ci> is turned 10 times round, 
while D E be kept from tuniiii|^ 
the effect will be the eame i 
:s round with c d, and then Iibts 
ten times ivithout d ; that is, H 
turn instead of IQ 
inch. If, iiitae« 



fore, the lever at k move througli a whole circumference rf 
a circle, the part e, which acts directly upon the weight, is 
moved through a space equal to the difference between tli« 
pitch of the thread of c d and that of i> £ ; whence the naiM 
of the arrangement. If we suppose the handle to be onlx 
6 inches long, the power of this machine will be expresBed' 
by the number of times the 1 lOth of an inch is contained 
the circumference of a circle of 6 inches radius, or 12 inches 
diameter. Now, by multiplying the diameter of a circle bj 
3.1416, we get its circumference ; and 

12 X 3.1416 = 37.6992 x 110 = 4146.912; 

ao that, by moving the power once round with the force, say 
of 1 lb., the screw is raised through the UOth part of an 1 
inch, with a force of 4147 lbs. nearly; which shows the supe- 
jioritj of ibis over the common screw ; for, in the latter, 
3 the same power, there nmat ^le V^D vVteaAa \a ■»» 
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'incll, wliich would render them too weak to resist any con- 
siderable force. 

In the usual method of applying Hunter's screw, the two 
threads are cut on different parts of the same cylinder. Upon 
these are placed nuts, which are capable of moring in the 
direction of the length, but are not allowed to turn roand. 
It is clear, therefore, that, by turning the screw once round, 
Ihfe two nuts will be brought nearer together, or diiven 
"farther apart, according to the direction in which the Bcrew 
is turned, through a space equal (o the difference of the pitch 
of the two threads. In this way, Hunter's screw is well 
adapted to the purposes of a micrometer icrejc, because it 
I admits of an indefinitely slow motion, without requiring ex- 
I qaisite workmanship in the thread. The usee of the screw 
I B8 a micrometer have been noticed in our " Introduction to 
' the study of Natural Philosophy," p. 34. 

89. Fig. 54 is a contrivance usually described, in books oni 
Mechanics, while speaking of the screw. It is called the 
I mdlegs, or perpetual screw, from haviDg no Fig. Bl- 

longitudiual motion, and therefore no limit 
' to its range ; but is really a complex ma- 
. chine, being compounded of the screw and 
' the wbeeL The thread of the screw is bo 
uTanged as to act upon the teeth of the 
wheel, which are placed obliquely to its 
I axle, like the s^ls of a windmill ; and, in fact, may be 
' regarded as forming exceedingly short portions of the threads 
of a many-threaded screw, of which the wheel forms a very 
I thin slice, perpendicular to its bkis. This wheel bears th« 
I same relation to the nut, whose place it aupplics, that the 
, spur-wheel (fig. 33) bears to the rack (fig. 30). K the com- 
mon screw be allowed no motion but that of rotation, its nut 
I la&Sl move longitudinally; and the teeth of this wheel move 
' long^tudi Dally with regard to the small cylinder, but the 
wheel readei-d this motion circular, ani ftiMftWft Mt^sKA.**., 
IS'he cj-linder on which the screw ia c>i\,'\iftKi?, ft*t\.\a.'o>'i'w« 
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by a winch, or other means, produces a motion of tiie wheel 
upon its own axis, which may be in anj direction. Tlie re- 
lation between the power and the resistance, sappocdng liie 
circles they describe to be eqtialy will be as unity to the 
number of teeth in the wheel ; for each turn of the screw 
only moves the wheel through the space of one tooth. Hence, 
if the power and resistance act with different leverage, (or 
at different distances from their respective axes of motion,) 
the moment of the bad (with regard to the wheel's axis) 
may exceed the moment of the power (with regard to the 
screw's axis) as many times as the wheel has teeth. For 
instance, let the wheel have 30 teeth ; let the power act on 
a winch 1 foot long, and the load be a weight hanging fixHn 
a barrel of 3 inches diameter ; then their moments would be 
equal, if the load were 8 times the power, (for 1 foot -i- 
1 ^ inch = 8 ;) but, as there are 30 teeth, the load may exceed 
f he power 30 times 8 = 240 times. This elegant machine 
has obviously far less friction than the ordinary screw ; and 
it is, perhaps, the most compact method ever invented for 
effecting a great change of velocity, and a consequent con- 
centration or diffusion of power, according as the screw ia 
made to turn the wheel (as in a barrel organ), or the wheel 
the kcrew (as in a roasting-jack). It would require a train 
of 3 or 4 pairs of wheels and pinions to produce the change. 
here effected by one wheel of the same size ; for, as a pinion 
cannot have less than 6 or 8 teeth, it will turn a wheel 6 or 
8 times faster than the same wheel would be turned by this 
screw, which may be regarded as a pinion of only one tooth ; 
and, conversely, the wheel will turn the screw 6 or 8 times, 
while it would be turning a pinion once. But these advan- 
tages are greatly counterbalanced, by the fact that the action 
between the wheel and the screw is necessarily a rubbing^ 
and not a rolling action, as that between the wheel and 
pinion should be (page 58), and thus it leads to far more 
rapid wear. 
The moat important applications o£ SlaWca \o \X>fc ^w^aSfiL- 
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brinm of jixed structures are treated of in " Rudiments of 
Civil Engineering." 

90. In concluding this notice of the mechanical powers or 
elements, we may observe that none of them can be regarded 
as artificial inventions: they are all copied from Nature's 
mechaniBm. The lever, as we have seen, is tlie general 
machine employed tn animal movementa. Tlie wheel, also, 
is found in some of the lower infusorial aniraala. The cord- 
s-ad-pulky principle is employed in our tendons, some of 
which have their direction changed by passing over £xed 
polleys of cartilage, like the ring in lig. 36.* Inclined planes 
and nedges constitute the cutting-teeth, tusks, horns, and 
other offensive weapons of animals. Some of the smoJlest 
animals are furnished with serewt, or gimblets, by which they 
pierce the hardest woods, and even stone ; and the screw 
appears to be employed througliout nature, from the huge 
weapon of the narwlial, down to the minutest microscopic , 
veBBels of plants, not as a mechanical power, but as a con-.-' 
stTDctive form, uniting strength with lightness and beautyTf 
Nor does it seem absent from the inorganic world j ij)r, 
among the mysterious relations of light, electricity, and mag- 
netism, are found some which point to screw-like properties, 
OP actions, in the elementary molecules of matter. Magnets, 
and electric currents, exiiibit mutual actions comparable to 
nothing else but those of the screw and its nut ; and light is 
subject, by the action of certain crystals, and, (as Faraday 
has lately discovered, by this same force of magnetism also,) 
to a kind of polarization, called circular, which possesses 
screw-like properties. 

• One of tbe mnscleB by which the eje-l)all is moved ia called the iro- 
Means, from the IrotMea or pullcj' through which the tendoa paaaet. 

t Nature presents na with two epeciea of scccwa, poseeBsing oppoaite 
tongitniliiial motiona, when their rotationa are alike ; or opposite rota- 
lloui, when their longitudinal motions are alike. Convenience dictates, 
however, that all artificial serene Bhosld be of the same kind, and thU 
kind is caUsd riffht-handed. An example ot 'Cos. oqu\,tm3 , ot \<iW«ii.^e4. 
imw, occurs ia the tendrila of the hop. 
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lepend on wliat are called laws of nature^ and can only be 
iroved by an appeal to those laws, t. e. by experiment Thus 
lynamics stands at the head of the physical, experimental^ 
>r inductive sciences, being (as far as regards its inductiye 
part) the simplest of them all. Indeed, the facts in it which 
had to be established inductively were so few and simple, 
tliat they were all completely established more than two cen- 
turies ago, thus leaving the science to be pursued entirely by 
the method of deduction ; while in no other inductive science 
can it be said that the induction is yet complete, or even 
likely soon to approach completion.* 

92. Of the abstract ideas above mentioned, such as number ^ 
9pacej time, pressure, motion^ it is neither necessary nor pos- 
sible to give satisfactory definitions. We shall, therefore, 
no more attempt to introduce the reader into Dynamics by 
defining motion^ than we did to define force on introducing 
him into Statics. 

As the degree or intensity of motion may vary to any 
extent, this intensity, which is called velocity, may be treated . 
like any other magnitude ; that is to say, velocities may l^' 
compared with each other like pressures (4), so that th^ 
ratios may be represented by those of lines, areas, num- 
bers, or any other class of magnitudes. But we must bere 
observe, that in representing velocities by numbers, we have 
no standard or unit agreed upon by society, and distinguished 
by a particular name (as the pound, ounce, &c. for comparing 
pressures, or the foot, inch, &c. for lengths). Now this 
seemingly trivial fact leads to more circumlocution, and even, 
to the mathematical reader, more unnecessary difficulty in 
the outset of this subject, than might at first be supposed. 
For instance, as we cannot conceive a motion without some 
time during which it lasts, the velocity may be constant or 
uniform throughout that time, or it may be continually 

» Astronomy, or rather that portion of it ^hic;\im«5 ^ia^igl^s^^iss^ 
Hon to this Bt&tement, can only be regarded aa &\ynkiL<(^ Ql^y^ososa^^ 
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accderated or retarded^ in which cases the velocitT^ at eveiy 
moment will be different from that the moment before or after. 
Now, as there is no fixed unit of ydodlyy we most nse tfoo 
nnmbers to express a Telodty, for we can onlj represent it 
in numbers by using the units of two other kinds of magni* 
tnde, time and length. Thus we speak of a Telocity of 
'< 12 miles an hour," or ^^ a mile in 5 minutes;" meaning^ ia 
the first case, that if the motion continued uniform tor 
1 hour, the space described would be 12 miles ; or in the 
second, that t^the motion continued uniform through 1 mik^ 
the time elapsed would be 5 minutes. But this evidently 
applies only to uniform motions; so that, in expressing the 
velocity of a variable motion at any given instant, though 
in reality we have nothing to do with any other instant^ in 
which the velocity is different, yet we are obliged to assume 
that it continues uniform through a certain time or spaoe^ 
and then state what the corresponding space or time wooM 
be upon this assumption. 

The method of ascertaining the velocity of a motion at one 
^ven instant, when it is constantly increasing or diminishing, 
i^ subject into which we cannot now enter. We hope pre- 
sently to make the reader understand the simplest case of 
thii problem; but we may observe that its general treatment 
in more complex cases is at once so difficult and so im- 
portant, as to have been beyond the reach of all the mathe- 
matics of the ancients, and to have been the immediate 
object of the invention of fluxions by Newton^ and of the 
differential calculus by Leibnitz~the two greatest achieve- 
ments ever made in abstract reasoning, and also the most 
useful ; for the whole subsequent progress of exact science 
has depended on them. 

93. In statics, force was regarded simply as that which is 

necessary to oppose or balance force* We are now to regard 

it, not as it is sometimes defined, the cause ofmotiony but as 

//^^ catise of change of motion. It \a to xYie M^^ Vdai^ of force 

, .^ jjj ^2ie former definition t\iatvfftm«5ttw»ViafcOTi^ 
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of nearly all the errors in mecliftiiicftl reasoning commifted 
before the eatabliahmeat of the true principles of dynamics, 
tttd atiU fallen into when these principles are neglected. 
The leader must regard it as fully established, thaX force, in 
the sense in which we have already used it in statics, is not 
required for the maintenance of motion, but only for its 
change — i.e. for effecting, 1st, a change at etate from rest to 
tnotioD, or from motion to rest ;* 2d, a change in the velocity 
of motion, either by accelerating or retarding it; or 3d, a 
change in its direction, by deflecting it upwards, downwards, 
to the right, or to the left. The inertia of matter is only 
mother mode of impressing this idea. And since matter is 
biert^ that is, has no tendency either to rest or motion, f a 
body impressed with a motion must persist in that motion, 
m a straight line and with uniform velocity, for ever, unless 
3 new force act upon it, either to change its state, its 
Erection, or its velocity ; for it cannot of itself change either 
its Btate of rest or its state of motion, its velocity, or its 
direction. This cannot, indeed (like the facts of statics), be 
discovered by d priori reasoning, but is inferred from expe- 
ciments and observations on all the motions producible by 
lu^ or presented to our notice either in the heavens or on the 
aarth, and is known to be true, because any other law wh>ch 
em be substituted for it will be incompatible with some or 
dl of those motions. 

94. We are therefore to regard as being in equilibrium, not 
tnly such bodies as are at rest, but also such as are perform- 
ing; uniform rectilinear motion ; for it is only while their 
Felocity or direction is changing (ie. while they are being 
■•ocelerated, retarded, or moving in a curve) that the forces 
acting on them can be unbalanced, or can produce a resultant 

This effect, however, never comes under our oliBervatton, becaoee 
in faioir of no body in the universe in u state of absolute rest. Alt 
btAbKrvatile effects of force, therefore, are included in tbe ezpreaaion, 

^^^^Kjbtrodaction to ^Tatural Phi^osopl^:;," ^.&^ «l hc<1- 
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pressure ; and as long as this pressure remains nnbalaneed, 
the motion will oontinue changing in yelocityi or direction, 
or both; whenever it becomes straight and tiniformy the 
resultant of all the forces acting on the bodj as 0^ or it is 
not subject to any unbalanced force. Thus, when a train or 
a steamboat has started, its velocity continaes for a certain 
time to increase; because the forces that urge it forward 
exceed the friction in one case, or the resistance of the water 
against the bows of the boat in the other; bat these opponng 
forces are dependent on the velocity and increase, because it 
increases so that they presently become equal to the forward 
force imparted by the engines, and then the motion becomes 
uniform, and the body, though moving at its full speed, is as 
completely in equilibrium as when it was at rest. Thus the 
motive power is required, not to maintain the mofton, but to 
maintain equilibrium with the opposing friction or resistance. 
The motion is maintained because the body has been set in 
motion, and, being inert, has no tendency of itsdf to alter that 
state; and also because any alteration of vdodty (whether 
an increase or diminution) would, by increasing or diminish^ 
ing the resistance, while the steam power remains unaltered, 
leave a portion of the former or of the latter unbalanced, and 
this unbalanced force, acting against or with the direction of 
the motion, would retard or accelerate it till the former velo- 
city was re-established. Thus the equilibrium is stable^ or 
tends, when disturbed, to restore itself. 

Similar to this is the case of a parachute or of a drop of 
rain, which, being subject to the constant force of gravity, falls 
with constantly increasing velocity, till the resistance of the 
air against its fall becomes equal to its weight, which is 
thenceforth expended in balancing that resistance, so that its 
velocity continues uniform. But in most other falling bodies 
this equilibrium is never attained, so that their velocity con- 
tinues to be accelerated throughout their falL 
9S, The dynamical effect of force, t\ie>\i) V^yci^ a. chan^ in 
motion, it will readily be seen tWt a ^^XL^aKasA. W^^ ^t 
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pressure, auch as we Lave hitherto been chiefly considering, 
must produce & continuous change, whether in velocity or 
direction (which must in this case be curved). The aiinpler 
effect of a sudden change of velocity, or an angular deflection, 
can only be produced by an impact, or inatantaneous exertion 
of force, such as we have mentioned when apeaking of the 
wedge (83) ; and to this kind of force we will, therefore, for 
the present confine ourselves. 

96, The greater part of the forces which impart motion 
to a body act directly upon only a few of its molecules : thus, 
when a -billiard ball is struck with the cue, we touch only a 
email portion of its surface; when a bullet is projected from 
a gun, the gases suddenly evolved from the powder act upon 
only one hemisphere of the bullet. Aa ail the parts of a 
body are set in motion by an impulse communicated to a few 
only of its molecules, it is clear that there must he a diffusion 
of motion from the parts struck or acted on over ail the other 
parts of the body before it can begin to move. When this 
it not the case, the part struck ia compressed, tiattened, or it 
is chipped off, and performs its journey alone, leaving the 
mass behind i hut when the force has time to be propagated 
tirough all the particles, the body is then impressed with a 
motion common to all its particles. This diffusion of motion 
fyaa particle to particle requires tiTiie ; the time may be 
exceedingly short, hut not infinitely so ; it depends upon the 
extent of matter to be moved, and also upon its nature, such 
as whether it be metal, stone, clay, wood, water, air, &c* 

When a force has acted upon a body, and the motion has 
diffused itself over all the molecules, so as to impress them 
with a common velocity, the force has done its work ; it has 
produced its effect, and may he said to have passed from the 
■nonng power, or source of jootion, into the thing moved. 
Tfans a stone projected by the l>and, by a cross-bow, by a 
mdden blow, or by an explosion, describes a certain path 
oI>edJence to the force which Ws atlei vi^w' 
■ See "Huditnentary PneamaUos" — Souii 
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for all, and then ceased, leaving the force thus im{>re88ed to i 
do its work. Now, if the stone in its progress met with no 
other form of matter, neither with air, nor with water, nor 
any other fluid, neither with any solid body at rest or in 
motion — if, in short, no other force acted npon it, it would 
continue to move with the same velocity and in the same 
direction for ever. 

97. The moving body, then, retains the impression of fhd 
force to which it has been subjected, and we may naturally con- 
clude that the same force would not produce the same effects 
on different bodies. The charge of powder capable of {ho- 
jecting a small shot, for example, may scarcely produce ths 
slightest motion in a cannon ball. It may be said that the 
reason for this is, that the ball is so much heavier than the 
shot : but if this were the true reason, it would follow that 
if bodies of all kinds were deprived of weight, or had their 
weight neutralized by being suspended or balanced, thej 
might all be set moving with equal velocity by the same 
impact This would certainly not be true, for it is an esta* 
\ blished principle in mechanics, that when the same force acts 
"upon different bodies free to move, their velocities are in the 
inverse ratio of their masses, or of the quantity of matter of 
which they are composed. Thus the same charge of gun* 
powder which would project leaden balls whose volumes or 
masses were as 1, 2, 3, 4, &c. would impart velocities to 
them as the numbers 1, ^, ^, ^, &c. so that the ball whose 
mass is 10 would acquire from the same force a velocity of 
{oth; the mass equal to 100 would have a velocity 100 times 
less than that of a mass equal to 1, and so on ;* hence it 
will be seen that the mass multiplied into the velocity gives 
in each case the same number : in the first case, 1 x 1 b< 1 ; 
in the second, 2 x 1 = 1, and so on. This product of the 
mass of a moving body by its velocity, is called the moment 
tuniy or moving force^ or quantity of motion. In speaking 

* When there ia no friction, the smaWe&t impayc^ \& ttoS&dci'a^t^A Yc&^gQjel 
motion to the hwgest mass ; but only, of coaree, a -^et^ Ao^ TttnMvsiiu 
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6f mulliplyirg a velocity by a weight, we of course mean 
•nly that the units of weight (ounces or pounda, for instance) 
»re to be multiplied by the unita of velocity (feet per second, 
miles per hour, for instance) ; and it matters not what 
tmits of each kind are employed, for the product thus ob- 
tained means nothing by itself, but only by comparison with 
>ther products similarly obtained by the use of the same 
Einits; and the result of Ihis comparison will be the same, 
tifhtttever units were employed. The momenta, or quan- 
dties of motion, in any number of bodies, found in this 
way, will hear the same ratios to each other, whether all 
their weights be meaaui-ed in ounces or in tons; their velo- 

3 in inches or in miles, and by the second or by the 
boar, provided always that they are all measured in the 

3 manner. It appears then that the same impact 
riwBjH gives the same quantity of motion, whatever may be 

body which it impels; so that the true measure and 
idiaracteristic of an instantaneous force or impact, is tbe 
fHBiitity of motion it is capable of imparting. Thus we may 
Seacribe an impact by saying that it is equal to 50 lbs. moved 
I foot jjer second, or 1 lb. moved 50 feet per second, or 2 
Ibi. moving 25 feet per second, &c. &C. all meaning the same 
ing. 

98. In ordinary language, the force of any moving body 
meaaa its momentum, or the impact required to stop it, or to 
jmpAPt the same quantity of motion to a body previously &t 
rest* Hence we see: — 1. That when equal masses are in mo- 
tion, their forces are proportional to their velocities. 2. That 
■when the velocities are equal, their forces are proportional 
to their masses, or quantities of matter. 3. That vfiien 
neitlieF the masses nor velocities are equal, the forces are in 
^le proportion of both taken jointly, that is, the proportion 
of their products. 

But the nspful eflect is in most caaea pTo^iXXowiiX ^q\. "ui 'ios. 
mtata, bat to tbo via ciiia. Tor wbicb. ace " S-uiitacaXi lA ^vl^ 
^gfneerlng^" Part I. p. 24. 




94 newtok's xxFEKUEirTS ox 

99. These theorems vaaj be illustrated hj tlie t| 
shown in fig. 55. "Two balls of clay. A, b, or of 
comparatively ioelastic snbatance," are snepended by 
Fig. 55. BO as I 

c«ntact 
j lite middle 

c. The ne 
should be ej- 
cloidal and di- 
vided, not inU 
I equal parti, 
but as shown 



numbers 1, 2, 3, &c. may he proportional to the perpendicolu 
heights above the level of the point o. Now it will be prora) 
presently, in treating of Gravity, — 1. That when a ball thoi 
suspended is let fall from any point of the arc, ite velocitf 
will be the same whatever may be ita mass. 2. That thii 
velocity will continually increase till it reaches the point ft 

3. That on arriving there, its velocity will be propcrtionil 
to the square root of the vertical height it has descesMi 

4. That if it start from o with this same velocity, it wiH 
ascend to the same height irom which it must have fallen to 
have acquired that velocity, and no higher ; because ita V«l9* 
city is, by the action of gravity, constantly diminished, till * 
this precise height it is destroyed. The velocities of the baD^ 
tiien, at the moment of their arrival at (or departure 
the point O, maybe exactly measured by noting the divia( 
on the scale from which tliey have descended, or to wl 
they ascend, provided the 4th division be reckoned 2, 
9th division 3, &c. Now suppose these balls to be equal 

laass, and to be moved in opposite directions, a towards 



k » Wax Boflcaed by t^e addllio 
I reryn-ell. 
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nd B towards e» and then allowed to ficdl at the same 
lonient. If the balls fall through equal arcs, thej will of 
oarse impinge upon each other with equal velocttieSy and 
acb will destroy the force of the other, and remain at rest;* 
or equal mastetf having equal velocities, must have eqtuil 
hrces» 

Liet us next suppose that the ball a is double the weight 
ir mass of b ; and let a be raised towards d as far as to the 
irst division ; and let b be raised towards e as far as the 
bnrth division. When allowed to descend, at such an in- 
terval of time as to bring them both at once to the point o | 
their velocities will be as \/l : ^4, or as 1 : 2 ; but as their 
masses are as 2 to 1, their forces will beas2xltolx2, 
or equal. Accordingly, after impact these two bodies will 
remain at rest, because the equal and opposite forces have 
destroyed each other. So also, if any balls have their masses 
inversely as their velocities, their forces will be equal, and 
they will consequently remain at rest after impact. 

Again, suppose a and b to be unequal in mass, but equal 
in velocity ; that a is twice the size of b, and that each is 
allowed to descend from the same height, at d and e ; if the 
velocity of each be called 6, the quantity of motion in a may 
be expressed by 2 X 6 = 12, while that in b will be only 

1 X 6 s= 6. After impact the six parts of motion in b will 
destroy 6 parts of the 12 in a, leaving only 6 parts in both 
bodies. Now the combined mass of both being = 3, and 

their momentum = 6, their velocity must be « = 2 ; so that 

o 

both will move on together with a velocity of 2, that is J of 

* If the experiment be carefully performed with balls of clay, and the 
aics be of considerable extent, so as to g^ye a great velocitj, the balli 
on impinging will penetrate each other, and form one ball. If the balls 
be of lead they will, under the same circumstances, flatten each other, 
and then remain at rest 

f The exact adjustment of this interval renders the experiment dif- 
^eolt, unless the balls be made to foUovr a cydo\d«\ ^x^^ Vj <^qt&scvt^ 
the strings with cycloidal cheeks, in the way OL«acTV\>^^to>iXx<^x q'Cl, 
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their velocity before impact ; and this will carrj them to 7 
the height from which they descended. Similar results wiU 
be obtained when the balls are equal in mass, but have be^ 
raised to different divisions. 

100. This experiment may be pleasingly varied by using 
balls of ivory, or some other elastic material ; in which case 
the quantities of motion which oppose each other are not <fe- 
stroyed (as with inelastic bodies), but reversed; or at least 
would be so if the elasticity of the bodies were perfect ; but 
with all natural bodies a portion is destroyed and the rest 
reversed. The following effects, however, though never 
exhibited in perfection, may be very nearly imitated by the 
use of ivory balls. If the balls be equal, on removing a from 
the vertical up to any division — say ^^4 — on the arc, and 
allowing it to descend and impinge on b, which is at rest, b 
receives the whole of a's motion, leaving a at rest, and starts 
off with the force of a, ascending the same number of de* 
grees on the opposite scale that a had descended. Balls iA 
clay or wax thus treated would have moved on both together 
to the division 1, because the same momentum being shared 
by twice as much matter, must impart to it half as much 
velocity. If the ball a has a different mass from b, greater 
or less, instead of being left quiescent after impact, it moves 
in the same direction with b if its mass be greater, or it re- 
bounds in an opposite direction if it be less.* 

* Bat in no case will the balls remain together. The quantities of 
motion gained by one and lost by the other being equal, while their 
masses are unequal, the yelocities gained and lost will be inversely is 
their masses. When the velocity lost by the striking ball exceeds its 
whole velocity before the blow, this excess expresses its velocity in the 
opposite direction ; for motion lost, or motion gained in the opposite 
direction, are the same thing. If a body moving northward at 10 miles 
an hour, have its velocity reduced to 3 miles an hour, it matters not 
whether we say it has lost 7 units of velocity northward, or gained 7 
southward ; and if its motion had been reversed, and become 8 miles an 
£0ur, we may either say that it has lost 1^ \m\l& ot iioi\>ci^^T^^%V^\^'^, 
orgmned 18 ofBoutbw&rd. 
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101, When a number of ivory balls of the same size are 
I, as in Eg. 56, and the lirst is reraoTsd from the 
I, and allowed to inipitige upon 
■Others, the last only, No. 7, h 
, and thia starts off with the 
I quantity of motion which No. 1 had 
S moment it struck No. 2. If the 
Ko. X and No. 2 be both raised 
e vertical, and allowed to full 
', the last two, Nos. 6 and 7, 

', Iq the foregoing cases we have considered the effects 
g from the impact of bodies advancing from opposite 
Of course, bodies moving in the same direction 
npinge if their velocities be different. Thus, if a 
itic body be overtaken by another, the two bodies 
tapaet will move with a common velocity. If they be 
\, half the sum of their velocities will be their 
1 velocity after impact. Since the bodies move in 
e direction, there can be no increase or diminution of 
t' by impact, but only a re- distribution. If before 
t A move with the velocity of 5, and b with that of 3, 
a velocity of the two bodies, after impact, will be 
4, the half of the sum of 5 + 3. 

Now suppose A and B to be unequal In maas, as well as In 
velocity. If tho mass of A be 9 and its velocity 12, its 
quantity of motion will be 108. If the mass of b be 7, and 
its velocity 9, its quantity of motion wiD be 63, The sum 
of the two motions will therefore bo lOS + 63 = 171 ; and 
this of courao will be the whole motion of the united masses 
atier impact. Dividing thia, therefore, by tho united masses 
(9 + 7 = 16), we find 171 -r- 16 = lO'ra, the common velo- 
dly of the united masses. In general, therefore, when two 
in the same direction impinge one upon the 
Other, and after impact move together, t\\e\T com,m«ft.-^AR«\Vi 

Lmaj be determiaed by multiplying 
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ithe masses by the numbers which express the velocities ;' 
sum of the two products thus obtained, divided by the 
of the numbers expressing the mnsses, will give a quel 
wqtresBing the required velocity. 

103. "When a moving body comes in contact with a 1 
rest, it can only continue its motion by pushing this I 
it, and ponaequently communicating to it such a fp 
tity of motion that after impact they move with a 
relocity. K tie mass of the moving body be equal to ! 
ol'tlie body at rest, it is evident that after impact the 
will bo equally divided between the two masses, a 
velocity will now be only one-half, since the mass has I 
doubled. It will be only the third of the velocity, if" 
msas at rest ig double that of the moving body; ub 
general, when a moving body communicates motion i 
body at peat, the united velocity of the two bodies is to' 
■of the moving body as the mass of the latter is to the I 
s of both. For example, if a musket ball w 
;h of a pound, and its velocity on being fired be I300t 
second, if it strike a cannon-ball of 48 pounds, suBpoq 
iu fig. .55, it will set it in motion ; and the comm 
[ty of the two is to that of the bullet as ^ is to 48 + ^ 
to 961 ; the common velocity of the two is, there! 

J, or about IJ feet per second. 

When a musket ball strikes against a large stone, o^ 
Hred at a mountain, it communicates both to the stone i 
the mountain a certain velocity, small indeed, and n 
aureable unless we knew tlie mass of the mountain in ai 
tion to other particulars. The mass of a large stone, howei 

isily found ; suppose it to weigh 500 lbs. or that its 

equals 500, its velocity after impact with the musket I 

loving at the rate of 1300 feet per second, and wdgU 

pound, will be to 1300 feet as a is to 500 + a*' 

JOOOl i 80 that the common vftlocitj of the muak 

and the stone after impact wiVL \>e aboui \\ v&iii.- 
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second, a motion which is Bpeedily destroyed by resistance 
and friction ; or rather, tliia motion ia speedily absorfjed by 
surrounding bodies, and even by the mass of the earth. 
Hence it may be said, that motion oommunieates itself among 
material bodies, and is never lost ; when it appears to be so, 
it ia fact only passes from the moving body into other bodies 
which are at rest, or are endued with a less velocity, and 
■t length it becomes insensible in consequence of its enor- 
mous diffusion. In fact, as we have seen, motion can only 
be destroyed by motion ; resistances and friction disperse it, 
but do not destroy it. 

104. The velocity of projectiles is measured on the princi- 
{i|e8<^impact, bya lai^emassof wood, or of metal, suspended 
witb aa little friction as possible, by a bar of iron, and called 
ft bfdlittic pendulum. {&g. 57). The cannon ball whose velo- 
city is to be determined is iired against the sdid block oS 
this pendulum, and the height Fig. £ 

to which it is made to oscil- 
late by the blow is shown by 
an index on a wooden arc, 
and determines the velocity 
with which the mass first 
began to move, when its quan- 
tity of motion was equal to 
that with which the ball 
struck it. In our next chap- 
ter we shall show how this o 
ia determined, but may here observe, that as the velocity at 
Btuting is proportioual to the square root of the lertical 
height ascended (93), whatever may be the curve ; when that 
[ I cnrve is circular, as in this instance, the velocities are as the 
i I ekordt of the arcs described!* so that if the arc be po gradu- 




ated that the numbers are proportional to their distances in 
\ I a Wraight line from 0, they will correcily express the rela- 
L I tive velocities at slarting fVom 0. 
7 • Tbia will appear by attending to EucM Ul. ^\,N'\.^,«i&-"^'^- ^ 

f ' 2 • >„rvV^i 
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Persons who are fond of the marvellons sometimes relate 
facts respecting the effects of musket shots and cannon halls 
which are not generally helieved, although they are simple 
consequences of the principles we are now considering. Thus 
a musket-ball will pass through a window-pane without 
cracking the glass, leaving only a clear round hole* If the 
musket-ball were thrown by hand the whole pane would he 
•shattered ; but with the usual velocity of a musket ball, that 
portion of the glass actually struck alone yields to the blow, 
and the ball has done its work before the surrounding parts 
have time to share the motion.* If the window-pane were 
suspended by a silken thread, the shot would only carry away 
so much of the glass as would allow it space to pass through, 
without even breaking the thread of causing it to oscillate. 
A sheet of paper placed on edge may be perforated by a 
pistol-ball without being knocked down; and a door half 
open may be pierced by a cannon-ball without being shut 
M. Fouillet mentions a case where a cannon-ball carried off 
the extremity of a i^usket while it was in the soldier^s hands 
without his feeling the stroke, just as the head of a thistle 
may be struck off by the rapid motion of a stick, without 
perceptibly bending the stalk. Nay; if the missile be soft, 
as tallow, it will act with the force of lead, if sufficient velo- 
city be imparted to it. Thus in the well-known trick ci 

^ The piercing effects of such bodies are not proportional to their 
moving efifects (or momenta). For suppose two unequal halls (as a 6 
bnd a 12 pounder) to have velocities inversely as their masses ; their 
momenta will be equal (97), so that both will have the same power to 
move or overturn an obstacle, but they will not penetrate a soft body 
to the same depth, for both will overcome the same resistance for the 
same length qf time, and during this time the swifter ball will have 
penetrated twice as far as the other. To have equal piercing efibctd, 
therefore, their masses must be inversely as the squares of their velo- 
cities, so that their momenta multiplied into their velocities may be 
equal. This mode of estimating the effect by the product of the 
momentum and velocity, or the prodnctolt\iexMJ»Tii\>V\.\^'^l\n^ 
thd velocity, j«- " * *,he via viva. - (See pa;g^ ^^,tw)te:^ 
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firing a piece of talJow candle through a -board, tlie parts 
of the tallow cannot yield until after a certain time ; and 
until that time has passed the tallow behaves like a hard solid, 
and before its particles have had time to yield, the tallow 
haa already passed through the board. So also in filing a 
cannon-hall over the surface of a smooth sea, time ia not 
ftUowed for the water to yield much, and consequently it 
^^ like a solid, and reflects the ball. In this way, it is 
mueket haUs have even been flattened. 
In our Introduction to the Study of Natural Philosophy 
illustrations were given of what are called the laws of 
motion. It was there explained that every action is accom- 
panied hy a corresponding re-action, equal and contrary. In 
the discharge of a cannon, the elasticity of the gases sud' 
flenly liberated by the ignited gmipowder, acta equally in 
all directions : it acts on the sides with equal and opposite 
forces, which neutralize each other unless the cannon hursts 
by yielding to one of them; the elasticity of the gases also> 
acts towards the muzzle and the breach, and these two equal' 
and opposite forces would also neutralize each other if the 
mouth of the cannon were effectually secured ; hut such not 
being the case, the baU and the wadding yield : the expansive 
forces of the gas towards the muzzle and the breach being 
equal, produce an equal effect, the one upon the hall, and the 
other upon the cannon ; tEie one moves forwards, and the 
Other backwards. Tliis latter motion is called the recoil of 
&e gun ; and the reason why the recoil produces so much 
less velocity than the shot receives from the opposite force, 
ia the greater mass of tlie cannon and its appendages, as 
compared with the hall. When a sportsman fires a gun, the 
rec(Hl on his shoulder is equal to that which would be pro- 
duced by a shot entering the baiTel and striking against its 
sdid extremity, with the velocity with which the bullet 
leayes the same gun. Fouillet mentions, as another proof of 

Llhe comparative slowness with which miAiOTi \a ■^i«^'4^5)S*&. 
tbrougb an/ considerable mass, that the Y&wii i-W,^ ■oa\.\«.'e™- 
m I 
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to be felt until the bullet has actually left tbe mouth of the 
cannoD. The eKperiment in proof of thia was performed for 
the first time at Rochelle, in 1667, by order of the Cardinal 
de Richelieu. A cannon was suspended horizontallj, tVom 
the end of a very long vertical shaft, or lever, moveable freely 
about an axis at its other extremity. The ball fired from It 
under these circumstances struck the object towards whidi 
it was directed in precisely the same manner as it did vrhen 
the cannon was fixed; showing that there could have been no 
sensible alteration of its position until the ball was discharged 
from it, otherwise it could not have hit the same point, but' 
a point somewhat lower, depending npon the amoBUt of 

106. The resistance which a moving body meets with in tlie 
air, or in the water, is only an eSect of the transference of 
motion. A body moving in water must constantly diaplaCQ' 
a portion of the fluid equal to its own bulk, and the Bmoant 
of motion thus communicated to the water is so much lost 
by the moving body. It is generally admitted in such cases,' 
for air as well as water, that the reaiatooce is in proportion- 
to the square of the velocity of the moving body. Wten 
the velocity is doubled, the loss of motion by resistance is 
quadrupled, becaase not only is there twice as much fluid ta 
be moved in an equal time, but it has to be moved with twicfl'' 
the velocity. So also when the velocity is trebled, tha 
moving body meets tliree times the number of particles, to"' 
which it communicates three times the velocity, thereby' 
occasioning nine times the loss. The resistance to a body 
moving in water is, therefore, about 800 times greater than 
if it were moving with the same velocity in air, for it has tO" 
move 800 times as much matter in the same time. But if' 
the motion in air were 28 times faster than in water, ths 
resistance would he about the same, for 28 times the velocity 
generates 28 times 26 times ( = 784 times) the resistance. 
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n. EFFB0T8 OF CONTINnED FORCES — UNIFOIUILT ACCE- 

I.EBATED MOTION — DESCENT ON INCLINED FLAMES AND 
OUBTXS — THE PENDCLUU. 

107. One caoDot fail to be Struck with the difiereut degrees 
of rapidity with which bodies fall through the air. A piece 
of gold falls rapidiy, and a dry leaf very slowly ; and the 
popular reason for this difference is, that tlie gold is heavy 
Bad the leaf light: tLis, however, is not the true reason, for 
if the gold be beaten out into a thin leaf, neither its absolute 
nor its specific weight is diminished, (indeed, the latt«r is 
inoreased,) but the time of its descent through the air is 
greatly prolonged. The fact is, that every body falling 
through a fluid is continually subject to two opposite forces, 
Is^ its meit/ht, which is constantly uniform, and acting alone 
would constantly accelerate the fall, and 2A, the Jtuid retist- 
ittce, which, as we have seen, increases with the velocity, so 
that, however small at first, it must after a certain time (or 
iriien a certain velocity is acquired) become equal to the 
weight of the body, so as to present any further acceleration 
(page 90). Now the gold presenting a larger surface when 
beaten out than in the lump, far more resistance is opposed 
to the leaf than to a thiclt picfie of equal weight, moving with 
equal velocity. SupjKJsing both to begin to fall at the 
Ume instant^ when the leaf has attained its maximum and 
uniform speed the lump will still continue to be accelerated, 
for the lump requires a greater speed to generate the same 
lesistance. 

108. As the attraction of the earth acts on all bodies in pro- 
portion to tlieir quantities of matter,* it is of no consequence, 
lu far as this attraction is concerned, whether a body be in a 
mass or broken up into small pieces, for each piece will be 
■a strongly attracted as when it was united in one solid mass 
with the other pieces. The attraction must also be the same 
on one of these pieces, whether it be in a lump or beaten out 

* For proof o{ Ihii ite " Natural PHVosop^i'S P ^■jftl^. 
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into a thin sheet, since the number of particles remains the 
same. The difference obserrable in the time of the fall 
of these bodies through the air is due to the resistance of 
that medium ; whence we may fairly conclude that, if the air 
were altogether absent, and no other resisting medium occu- 
pied its place, all bodies, of whatever size and of whatever 
weight, must descend with the same speed. Under such 
circumstances, a balloon and the smoke of a fire would 
descend instead of ascending as they now do by the pressure 
of air, which bulk for bulk is heavier than themselves. 

The conclusion that in the absence of a resisting medinm 
all bodies would fall with the same speed, is established by a 
beautiful experiment with the air-pump, in which a piece of 
metal and a feather are let fall at the same instant from the 
top of a tall exhausted receiver, when it is found that these 
two bodies, so dissimilar in weight, strike the table of the 
air-pump on which the receiver rests at the same instant* ' 

In vacuo neither the size, weight, density, nor figure of a 
body, makes any difference in the velocity of its fall ; and aft 
the differences observed in air are easily explained by its 
resistance. For instance, a 2-inch shot falls faster than a 
1-inch shot, though of the same figure and density. In the 
larger we have 8 times as much matter to be moved, and 
also 8 times as much force to move it, and this would give 
it, in vacuo, the very same velocity (or 8 times the momen- 
tum of) the small shot But it has only 4 times the surface, 
and is therefore (in a fluid) opposed by only 4 times the resist- 
ance. Again, a ball of lead and a ball of cork of the same 
weight fall with equal momenta, but the cork being larger 

* A similar experiment may be made without the air-pump, by 
placing a piece of hot-pressed paper (or even the thinnest tissue paper) 
smoothly on a flat piece of polished metal or glass, rather larger than 
itself, and letting them fall together. Though the light body is upper- 
most, it will not be left behind, nor will it in the slightest degree retard 
the fall of the heavier body, as it 'would it <tQim&c^<i '^vtk it like a 
jmncbate,. 
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,' encounters more resiatance. Now, let tbem be of equ^ size, 
■ their weights of course are unequal, but they both eucfluater 
the Eame resistance, so that the cork, as before, is the most 
retarded.' 

109. Having proved that in reality all bodies tend to fall 
with the same velocity, the next point is to determine what 
this common velocity is, and the relation existing between 
the space fallen through fay a faody and the lime occupied in 
the &11. This relation will be the law of motion impressed 
by gravity upon matter. 

It would appear at first view that such a question might 
be determined experimen tally by a contrivance similar to that 
used in the guinea and feather experiment (108), only using 
B very long vertical tube instead of the receiver, and having 
exhausted if, allowing a heavy body to fall from the top at^a 
given instant, and then marking the point at which it arrives 
(fter the lapse of one second, two seconds, three seconds, and 

* This equality of speed in the fall of bJI bodies (when nnrcaisted) 
proves that their qoimtitiea of matl«t (or inertia) are eiactly propo> 
tional to their weights : it prores, foe instance, tLat if a cubic iucb of a 
eetbun stone weigb tbree times as much as a cuMe inch of water, it 
Mnl^DB three limes ss much matter ; for it falls vith the same speed 
Ihongh urged bja triple force, i.e. it requires a triple pressure to impart 
to It an equal velocity in an equal length of time ; and quantities of 
natter con t>e estimated in no other way than by comparing the forces 
nqaired to produce ocjuat dynamical effeeta on them. These forees maj 
he uther inslanlaneaua or contiitucd ; and thus we baTS two ways of 
HMjertumng the comparative masses of bodies, let, bj comparing the 
iimpael* required to impart eqnalvelocity to them, or 2nd, by compsrinf 
th« preeavrei required to impart equal velocities in equal lengths of 
time. This latter condition is necoasary, because, as we have seen 
(Sfi) that every continued force or pressure must produce a continu- 
aUj Increasing velocity, and aa any impact, however small, may move 
any mass, however groat (103), bo also aay pressum, however small, 
may impart to any mass any amount of vdacity, by acting long enoagh. 
A pressure of a single pound might move tlie laigest planet with any 
' nofflber of times its present velocity, and it would be easy to calculate 
ihowlojisit xnuBt continue acting to produce ttivs eScA. 
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eo on. But the diSiculty in such a mode of observBtion isi 
that althoi^h a body at the commenctiBient of its fall maj 
more with tolerable elowDeaa, eo that the eye can follow it^ 
yet tlie motion increases eo rapidly, that it soon becomes quit* 
impossible to do eo. Accordingly, philosophers have resorted 
to various contrivoneea for so modifying the motion of 
faUiDg body as to make it appreciable by the senses throogh* 
out its whole course. 

110. The first piiilosopher who succeeded ia detecting tht 
law of falling bodies was Galileo. When the study of astroaom^ 
was DO loDger for him a safe pursuit, his acute and poweiful 
mind recurred to hia eai'lier nieclianical studies, and during 
his residence at Sienna, after being persecuted by the Inqui* 
sition, he published, or at least collected, materials for hi) 
" Ditdogues on Motion." In this work the following method 
is given of making experiments on the descent of bodiei on 
inclined planes.* " In a rule, or rather plank of wood, abont 
J2 yards long, half a yard broad one way and 3 inches the 
other, we made upon the narrow side or edge a groove a 
little more than an inch wide: we cut it very straight, and 
to make it very smooth and sleek, we glued upon it a piece 
of vellum, polislied and smoothed as exactly as possible, an4 
in that we let fall a very hard, round, and smooth brass ball, 
raising one of the ends of the plank a yard or two at pleasura 
above the horizontal plane. We observed, in the manner 
that I shall tell you presently, the time which it apent in 
running down, and repeated tlie same observation again and 
again, to assure ourselves of the time, in which we never 

* Tha invenlion of Ihia method appesre, from dooumenta qQot«d bj 
Ventari and others, Ui bear date bl li:a£t as carl; as 1604. DescariM 
inBinua(«a (hat Galileo first obtained from him the knowledge of tb« 
law establlghcd in these experimeDts, but aa Descartes waa not born 
until IfiUS, be must, if hie claim be tenable, have been a moat astonish- 
ing eeniug at eight yeaih of age. lie aleo inninuates that OiIUbo 
ebt^aed from him the isocbrouism af the pendulam. which, in fUl^ vta 
diSBOreKd ia 15S3, thirteen yeare ba!ore Duatai^eB ^»a\iuTO. 
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found any difierence, no, not so much as the tenth part of 
one beat of the pulae. Having made and settled this expe- 
ninent, we let the same ball descend through a fourth part 
only of the length of the groove, and found the measured 
time to be exactly half the former. Continuing our esperi- 
menla with other portions of the length, comparing the fall 
through the whole with the fall through half, two-thirds, 
three-fourths, in short, with the fall through any part, we 
found, by many hundred experiments, that the spaces passed 
over were as the squares of the times, and that this was the 
case in all inclinations of the plank ; during which we also 
remarked that the times of descent, on different inclinations, 
observe accurately the proportion assigned to them farther 
on, and demonstrated by our author. As to the estimation 
.of the time, we hung up a great bucket full of water, which, 
'bjr a very small hole pierced in tlie bottom, squirted out a 
fine thread of water, which we caught in a small glass, 
during the whole time of the different descents: then weigh- 
ing from time to time, in an exact pair of scales, the quantity 
of water caught in ihis way, the differences and proportiona 
of their weights gave the differences and proportions of the 
times ; and tliis with such exactness that, as I said before, 
although the esperiments were repeated again and again) 
they never differed in any degree worth noticing," 

111, It will be observed, that as the law first mentioned 
(that the spaces fallen through from the commencement of 
the fall are proportional to tiie squares of the times elapsed) 
i^tpUed equally whatever might be the inclination of the planej 
it roust apply also when the plane is vertical, or the body falb) 
freely. The establishment of so important a law by such 
simple and exquisitely ingenious means may serve to remind 
the reader that Galileo is not unworthy of the fame which 
still belongs to his name as a mechanical philosopher as well 
as a persecuted astronomer. In later times, the law of falling 
bodies has received a more complete exposition by the admi- 
rable machine invented by Atwooi, aii4 "wNCMJa. ■^■& N*. 
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described presenilj. But first it is necessary to enter a little 
more fully into the question, in order that the reader may be 
in a condition fairly to estimate the merits of this machine^' 
and the important law it is intended to illustrate. 

112. The fall of a heavy body from a height is a imiformlj 
accelerated motion, because the attraction of the earth, which 
is the cause of its fall, never ceasing to act, the body gains 
at each instant of its fall a new impulse, whereby it receives 
additional velocity, so that its final velocity is the aggregate 
of all the infinitely small but equal increments of velocily 
thus communicated. Hence, the velocity of a falling body 
at the end of two seconds is twice that which it had at the 
end of one ; at the end of three seconds three times that 
which it had at the end of one, and so on. Now, it has been 
ascertained that a body falling freely through space by the 
force of gravity acquires at the end of the first second a 
velocity such as would carry it, without any assistance from 
gravity, through about 32 feet during the second seccmd. 
This is the final mlodty of the body after one second. 
But during this second, the body passes gradually from a 
state of rest through various increasing degrees of -spee^ 
until it acquires a velocity equal to 32 feet per second* Its 
average speed, therefore, during the whole first second will 
be the arithmetical mean between its starting velocity, vrhich 
is Q, and its final velocity, which is 32 feet per second. This 
jtiean is 16 feet per second ; consequently, the space actoall^ 
fi^en through during this one second must be 16 feet 
During the second second, the body starting with the velodtj 
of 32 feet acquired during the first second, falls through 33 
feet, and also through another 16 feet due to the action of 
its weight during this one second only. At the end of the 
second second the final velocity is twice that at the end of 
the first second ; so that during the third second the body 
would move through 64 feet, if subject to no force, L e. if its 
weight bad ceased to act ; but as this force continues to act, 
and would during a second move it 1ibiQraL:^\^ i'eftX. ^cj^V^^wbi^ 
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No velouity at Btarting), the whole space described during 
this second will be 80 feet, Viz. 64 feet by its previousli/ 
acquired velocity, and 16 by that gradually added during this 
tiiird second. 

113. We see, then, that the weight of any body is sueh a 
force 09 will, during one second, impart to that body avelocity 
of 32 feet per second, io addition to any motion it may pre- 
Tioualy have. During any other period it would impart a 
proportionally greater or less velocity ; during two seconds, 
for instance, a velocity of 64 feet per second (as we have 
'Seen) ; or, during half a second, a velocity of 16 feet per 
jBecond. Hence, it appears that the tame occupied in faUing, 
fandthe^naJ velocity, are proportional to each other; and that 
■Bn increase in one is necessarily attended by a proportional 
increase in the other. Now, we have seen that the average 
Telocity, during any fall, is exactly half the J^nai velocity, for 
It ia the mean between the velocity at starting, viz. 0, and 
diat final velocity ; hence, any increase in the time of fall- 
uig, ia attended by a proportional increase in the average 
q>eed during the whole fall. But the space fallen through is 
}(Hntly proportional to the time occupied and the average 
Telocity j consequently, when the time is increased in any 
jtroportion (say doubled), the body falls, not only twice as 
kmg, but also twice as fast, and must therefore fall through 
ffoKT times the distance. So, also, if one body falls three times 
'» long as another, it also falls with three times the avers^e 
speed, and consequently falls, altogether, nine times the dis- 
tsnce. Thus, the distance fallen must alwaj^ be pixiportional 
to the square of the time occupied ; as observed in theeipe- 
-Hments of Galileo. It will thus be seen, that, though a body 
£dl 16 feet in a second, it wiU only fall 4 feet in half a 
«econd; for it falls with only half as much average speed, viz, 
a speed of 8 feet per second, or 4 feet per iialf-sccond. But it 
Acquires a final velocity of 16 feet per second, which would 
uarry it, in another half-second, through 8 feet, besides tlia 
4feecdiie (oils acceleration during tha.l\ssi?-sftc«'ai,'ossJ*^^^ 
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altogether 12 ket, and thus accounliog for the fall of lefeet 
in & second. 

We thus get ikn eaay rule for determining the space througb 
which a body Ltis fallen, simply by knowing the time occu- 
pied by the fall, and multiplying the square of this by tlie 
number of feet tlirough which a body fells in one second. 
For example : — 



1 



height fallen during dm second 


= 


1 


X 


le- 


lefMt 


, „ two »econdi 


•T, 


4 


X 


18 = 


MfMt 


three aecondi 
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I 


y 


in — 


14t feet. 


„ „ four saooDds 


= 


It 


X 


ie = 


258 fat 


„ „ five secoDdB 


= 


2G 


X 


18 = 


<00 feet 



And the same rule will apply to any number of aecoads, 
whole or iractionaL 

114. Toshow more clearly how this law is derived from itie 
uniformilff of the accelerating force, we may take the lentil 
of any figure to represent the (I'me of the whole fall, whicki 
we may divide into any convenient number of parts j and W» 
may make the breadth of the figure, at each of those division^ 
represent the velocity at the corresponding instant of 
fall. Then the area of the figure, or of any portion thereof 
will represent the distance JaUen through during the ou 
responding part of the time ; for this distance is jointly pH 
portionol to the time and the average velocity, just as A 
area of a figure b jointly proportional lo its length and i| 
average hreadth. Let us draw such a figure, then, in wbiol 
the breadth at the commencement is 0, and increases US) 
fonnly, i. e. by equal additions, for equal additions to th 
length. By observing the relations between its breadths I 
diSerent points, and also between the areas of the whole an 
different portions of it, and the areas they would havo i 
their breadth continued equal throughout their length, n 
may leam all that has been stated above, by simply substi 
tuting time for Ungtit, velocity for breadth, and dtntancefalk 
forarea. Tiie following ie aa exK[a7^ft-.— J 



OTHSR CNirOratLT ACCELERATED UOTIOXS. 



A body falliag fi-eely during 5| eeconds ; 
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115. These laws are not confined to Ihe motion atfoUing, 
bat apply equally to every uniformly accelerated motion, 
{.0. every motion produced by an uniform force or presaure. 
Thus, the rising of a cork through water — the rolling of a 
ball down an inclined plane — the ascent of Ihe lighter arm of 
a balance — ore motions produced, like that of falling, by the 
constant and uniform force of gravity, and are therefore 
uniformly accelerated ; t. e. if we abstract the effects of fluid 
reglBtance and friction, the above rules {but not the above 
iOtmbert) will be found apphcable. In every such motion, 
the relocities, at any different instants, are proportional to the 
times elapsed since the beginning of the motion; the average 
Telocity is half the final velocity ; the spaces described 
daring auccessive equal intervals are as the series of odd 
DnmberB, 1, 3, 5, 7, &c. i and the whole spaces described 
from the beginning of the motion are as the squares of the 
limeB taken to describe them. But t\ie ■nvHQWi.csi. 4a.\.*i,'^'^ 
be different ia each case of euch motion ; vVaX w^» %'K^,'iaa 
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velocity acquired in a given time^ or the time occnped.in 
acquiring a given velocity, will vary in each case ; and the 
rate of acceleration will never be 00 rapid as in the case of 
a body filing freely, because the force will never be so great 
in proportion to the quantity of matter moved. All bodies 
falling freely are accelerated at the same rate, because, in 
whatever ratio their masses may differ, their aoceleratiog 
forces preserve exactly the same ratia If one body grayi- 
tate with 10 times as much force as another, it has also 10 
times as much matter to be moved ; but if we could oppose 
the weight of one lb. to the inertia of ten lbs. we shoiild 
obtain a motion accelerated 10 times more slowly than that 
of bodies falling freely ; tie. a, motion that would require 
10 seconds to acquire a velocity of 32 feet per second, or 
in one second would produce only a velocity of 3J feet 
per second. Now this is exactly what happens when a 
balance, whose beam and scales weigh 1 lb., is loaded with 
5 lbs. in one scale, and 4 lbs. in the other : there is an 
unbalanced pressure of only 1 lb., but it has to move lOlbe. 
of matter. 

1 16. To submit all the laws which have thus been expounded 
to the test of direct experiment, is the object of Atwood's 
machine. It is obvious that the circumstances attending a 
heavy body falling freely through the air, cannot be observed 
by any direct method, since a fall during 8 seconds only 
would require a height of 3* X 16 = 144 feet, a distance 
which could not be followed accurately by the eye in so short 
a time. This difficulty is got over in Atwood's machine by 
an ingenious artifice. Two weights are attached to the 
extremities of a fine silken line, which passes over a fixed 
pulley, or very light wheel, so arranged as to produce very 
little friction ; and the magnitude of these weights is so 
adjusted that their difference is to their sum in the ratio of 
unity to any convenient number. For example, suppose 
one of the weights to \)ft ^\^ ^eMiy?^^\%ht«, and the 
S6er 32i penny weiglits \ tVieir ^oSereii^i.^ ^w^ Xsfe \^ vs^ 
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reir Bum 64 ; consequently, the accelerating force will be 
that of a body falling freely. Now, as a body Fig. 5&. 
alls 16 feet during the first second, the descent 
jrf the preponderating weight will be 16 feet, or 
192 indies divided by 64 = 3 inches in 1 second ; 
|2 inches in 2 seconds ; 27 inches in 3 seconds, 
ind 80 on. Hence, by means of a long gi-a- 
3uated rod and a pendulnm beating seconds, it 
Is easy to follow the weight with the eye, and 
Botice the descending weight pass over the divi- 
! of the scale; thus furnishing an experi- 
Ktental proof of the laws already explained. By 
rarying the ratio of the two weights any other 
ee of acceleration may be obtained : these 
nriations are, of course, only different illustra- 
ins of the same laws. 

1 17> By means of this apparatus we may also 
ascertain the degree of velocity acquired at the end of any 
given time. To do this, the two weights are first taken equal, as, 
ibr example, 31^ pennyweights each, when of course equili- 
Mum is produced. Inordertoproducemotion,aBmallbarabont 
S inches long, and weigliing I pennyweight, Is placed upon 
die weight which is to descend. A brass ring, about 1 1 inch 
iadiftmeter, being previously fiied at any proposed division 
(at for example at 12 inches) in the patli of the descending 
migbt; then, as this weight passes through Ihe ring, the bar 
ialeft behind, and the accelerating force being thus remoTed, 
the velocity will afterwards be uniform (abstracting the effect' 
vt Motion). In this csae we suppose that the body, at the 
toA of two seconds, has descended tlirongh 12 inches, and 
fbatJtB final velocity, at the end of that time, is therefore 12 
inches per second (being twice its previous average velocity). 
The uniform motion of the weight would then be at the rate 
of 12 inches per second, during the third and succeeding 
seconds, did not the friction of the wheel act as a retarding 
liave, causing it to move slower and aVovje,! uWAXX. 'yaslSB.^» 
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rest. It is usual, however, in practice to erect a st«ge «1' 
some convenient distance from the ring, sucli &b 36 incites, 
through which the weight will descend in 3 secoDdB* iba 
retardation by friction during that time being insenabkv f 
p.^ ^1^ the wheel be well mounted, in 

the way shown in 
panying figure, Tlie axle of 
the wheel carrying the tirei4 
instead o{ turning ia fiie4 
bearings or holes, i 
the rims of other wheels, whic^ 
of course, are turned aLowlj 
by the motion of the axle nsti 
ing on them. By this BWW 
the friction is diminished bo considerably as to have no If 
preciable effect in using the machine. 

1 18. Galileo's esperiments on the descent of bodies on ll 
dined planes have already been mentioned. It will be evidei 
from the preceding details, that the rate of acceleration on tl 
inclined plane will be less that that of a body falling freelji i 
the proportion that the effective portion of its weiglit, aetiQ 
in the direction of its motion, ia leas than its whole we^U 
that is, as we have seen in Statics (78), the proporda 
that the perpendicular height of the plane bears to its length. 
Thus, on a plane inclined 1 in 64, the motion will be the 
same aa that of the weighta in the above example ; for the 
whole mass has to be moved by a force equal to only L of its 
weight 

119. Heneeit appears that (neglecting the effect of friction) 
the final velocity, on arriving at the bottom of the plane, ii 
dependent solely on its heiijht, and will be the same for all 
planes of equal height, however various may be their lengths: 
a very remarkable result. From this it also follows, that tbtj 
average velocities are the same in descending all planes ol 

eqaal height ; and hence, tbal t\te; t\iae» ti^ &%«a^i\xAi'&^ thofl 
^xuclly proportional to tWir Xeng.'Ccia. I 
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Id fig, 61 are represented four inclined planes of various 
igths, but of equal height. The final relocilies of bodies 
[ling down all these planes will be exactly equal to that of a 




dy failing freely down the same height ; and the veloclly, 
;er descending J or ^, or any other portion of one of the 
ines, will be the same as that acquired in descending a 
nilaT portion of the vertical fall. Thus, if the time of 
Bcending any of these routes be divided into four equal 
rta— at the end of the first 



r^ a body will have fallen 
of the vertical height, or jg 
the length of either plane, 
E. as far as the dotted line 1 ; 
the end of half the time, it 
11 (on any plane) have ar- 
red at the dotted line 2, 2, 2 ; 
A after | of the time, at the 
itted line 3, 3, 3 ; and tlie 
locitiea at crossing these 
tied lines will be the same, 
lether the body fall verti- 
Hy or down either of the 
l&ei, without friction. 
120. Another most remajk- 
le resnlt of tliese properties 
inclined planes is the beau- 
ol experiment in which two 
more bodies are placed at 
fereat pointe of a circle, and allowed 



Fig. 03. 
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same instant along as many planes meeting in the lowest 
point of the circle : they will arriye there at the same time, Ir 
proving that the times of falling through all chords drawn to. |i 
the lowest point of a circle are equal Thus, bodies starting 
from ABO, fig. 62f descend in equal times along the choidfl b 
AD, B D, and CD, If the bodies start at the same instant^ r 
then at eyery instant of the fall they will be situated on the 
periphery of a smaller circle. Thus, after ^ of the fall, they 
will all be crossing the semicircle a ; after |, the semicircle 
b ; and after |, the semicircle c* 

121. In the descent of bodies upon a curve, the resistance' 
of the curve neutralizes different portions of the body's gravi- 
tating force at different points. Nevertheless, the velocity 
acquired is subject to the same law as in the inclined plane^ I 
viz. it is due only to the perpendicular height fallen. Thus, - 
at whatever point of the curve the body may be arrived, its 
velocity is always the same as if it were falling freely from 
the level of the point whence it started. For example, in de« 
scending the curve drawn in fig. 61, a body on arriving at- 
the dotted line 1, will have the same velocity as if it ,had- 
fallen vertically, or along any road, straight or curved, down 
to the same level On crossing the level 2, 2, it will have 
twice, and on crossing 3, 3, thrice this velocity. In ascend- 
ing, its velocity will diminish, and it will cross these lines 
again with exactly the same velocities as before. Hence it 
will be seen that, if there were no friction, it would be car- 
ried over any eminence, or any number of eminences, lower 
than that from which it started, and will always have the 
same velocity at crossing the same level. 

122. Hence it follows that the straight line between two 
points at different levels is not the line of shortest descent 
from the upper point to the lower. To explain this remark- 
able fact, let us suppose two bodies to descend from a to b, 
fig. 63, one rolling along the inclined plane a b, and the 
other along the circular arc a c b (ox t\ie ft^eoTid. Viod-^ laa^Y he 

suspended like a pendulum, wbich mW \iVf ^ x^^^ «»«iS£ift ^^^'cK>i, 
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If we divide each of these lines into any numljer of equftl 
|iarts, it is obvious that each point of division on the cvirve 
■rill be lower than the cor- 
«spOQdIng point on the ^'^- ^^^ 

ilraight line ; so that, at 
BTeTy instant of the descent, 
Ltlie body on the curve will 
Ifce lower (and therefore he 
moving faster) than that on 
■the straight line. Thus its 
'average speed is greater, hut 
■its journey is also longer, and 

it becomes, therefore, a question, whether its speed, or its 
'length of route, is increased in the greater ratio. In the 
case, the speed more than compensates for the 
of length ; so that a body wiU lake less time to roll 
■'down the curve a cb thau down the shorter line A b, or down 
xaj flatter curve situated between the two. It will be ob- 
«erved, that a c b ia the longest circular curve that can be 
.drawn from a to n without an ascent towards b ; hut we 
•may yet give a still greater curvature (and consequent 
'length) to the descent without lengthening, hut, on the con- 
■trary, diminishing the time of descent ; and A p Q b repre- 
-sents the extent to which the curvature may he inereased 
before the increase of length will begin to compensate for 
■the increase of speed, — in other words, it represents the bra- 
thyitochrone* or curve of qaickest descent. Mathematicians 
Tig. 64. 



have determined that this curve is the cycloid, or that which 
Is described by a point in the circumference of a carriage- 
Wheel rolling along a. plane. Such a point as f, fi^. 64^ 



s, shorUet ; wx4 XP^"""' ti.ttie. 
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describes a series of arch'like curves, each of which is oUtdl 
a cycloid. Now, if a slope be made in thefonnofthelwlfaf 
one of these curyea (inverted) as a p q b, fig, 63, this will be 
the line of quickest descent from a to b. Bot s poitioB of 
tlie curre, audi ae FQ, (though described in lesa time tbu 
the stnught lin^ p Q,) is not the line of shortest descent fim 
p to Q. To find this, we must draw a smaller cycloid, of 
such dimeosioDB, that when its upper extremity is placed Ml 
P, it shall pate tlirough q. 

123. But tbe cydoid possesses a still more remai^hle ftoM 
perty, caHefl iwie/irontnn," and wliich coosists in thi^ tl 
from whatever part of the curve a body may coTumence iB 
descent, it will always occupy the same length of time in 
reaching the bottom. The former property belonged 
to arcs extending to the upper end of the curve, as A P. 
fig. 63; and the present belongs only to such as extendH 
the loKer end. Bodies starting from a, p, and q, at the si 
instant, will all arrive at n together ; and however near » ' 
B a body may start, it will be as long reaching b as if it h 
desfended the wlioJe curve from a ; ot if a body suspended 

Kg. .5. '""• " ""■"* 

A b, fig. 65, be made 

to oscillate betwe 
cheeks in the 
of half cycloids, M 
ae, in such a way thtf ' 
the threud will just 
wind over either of 
the half cyclcddsirDin 
A to c or c, the tody 
b, in swinging be- 
tween these two checks, will describe a cycloid c b c ff W 

* From IiToi, eqani ; atA yp6i 

f Because it is a malhematiinl pro^rt; of the cfctoid, that Iti 
{or the curve described bja thiEadnnioounJliwR'AI'iaKOjtWaiK. 
WBoi And similar la itseU. 
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that from whaterer point in tlijs curve tlie body s is made 
it will arrive at b and pass to its greatest height in 
the opposite curve in equal times ; and however much its 
OsciUations may iliminish in extent, (by the effects of fric- 
tion, &c.) they will always be ixochronota, or OftmlHimed. 
This, in fact, fumiahcs an itockronout or eqnal-tinjied pen- 
dulum, an instrument which would bo invaluable in prac^e 
rK«re it not that no substance can be found of Buffi- 
taent strength aad flexibihty to form a thread whidi liiall 
easily wind on the cycloidal cheeks, and of such a nature 
■B that it shall not adhere to them. On this account the 
t^doidal pendulum, although perfect in theory, is inferior 
practice to the simple pendulum, whose valuable and 
lemorkable properties we are now about to describe.* It 
iriU be seen that when the common pendulum vibrates in 
■very small area of a circle, its vibrations are, for all prae- 
tiCAl purposes, isochronous, because the circle has the same 
curvature as the cycloid at its lowest point, and may be 
loonfounded with it for a small distance, as seen near n, 
fig. 65. 

124. The pendulum is one of the simplest of scientific in- 
rMruments, and also one of the most important, for by its means 
iwe are enabled, not only to measure time with precision, but 
to determine the variation of the force of gravity iu different 
places, whereby data are furnished for determining the 
i^ure of the earth, and even the density and arrangement of 
tnaterials in its interior. 

Any weight attached to the end of a flexible thread, and 
suspended by a fixed point p {fig. 66), may he said to constitute 

pendulum. Its fundamental properties are, ^rst, to show, 
'hen at rest, the exact vertical, or the direction in which 

' Bot the cycloidal cheeks are necBBsaiy for properly perfonning 
i ezperimsDtii on impact describeil in (99). They noed not, how- 
', be entenaive, for a very small portion of them, and, a d, 
f. eS, will gaide the bodj through a large Tango dt i]«Sin!C\<«i, "(vl. 
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;• cecondlif, to oscillate in a Tertical plane whacfl 
e side, and then left to itself. If, for esampls, h 
the pendulum p be drawn a^de to I 
and Hbernted, it vrill descend to C, uid 
then ascend on the other side aa f^ » 
B, describing an arc bo, nearly eqaal tt | 
tlie arc A c.f From the point a it »'" 
again descend to c, and then oeco 
tuwards A, and so on, for a conaideraUt 
time. Wlien the weight is desceudiif ig 
from A to C, the motion is accderstsd^ Ifa 
and in ascending from c to u it is retarded. k 

125, The motion of the pendulum from a to b, or fioffl Ig 
B to A, ia called an oscillation, or a vibration. 
from A to c, or from b to C, is, of course, a halfvihr&doa et 
oscillation. 

The amplitude of each vibration is measured by the an 
A B, divided into degrees, minutes, and seconds. 

The duration of a vibration is the time occupied by tht 
pendulum in describing this arc. 

126. If the amplitude of the vibrations of the pendulum 
does not exceed a certain magnitude, the time of vibration wit 
not sensibly vary, however the amplitude may vary. Thil| 

* When nBcd far thie purpoie it w nairally called a p!umli-liae. 
+ It would bo qiLile equal to a o wore it uot for the friclicm at p, a 
of the air ; and without these retarding foraea the p 
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were D, the duration of tha motion would be -^ i.e. infinite. In a apacK 
veil exbdOBied bj'an air-pump, a pcudulam \iw\i%e'ci ^noira. to OBcillatt- 
T( Iban twenty lioura. ^ 
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Ibe time of oscillation will be practically the same, whether 
Bie angle APC be 4° or 5°, 2 "or 3°, or of so small a magni- 
tocle that the eye cannot diatingnish it without the aid of a 
biicroBCope. It is certainly remarkable that the pendulum 
Aonld require as much time to describe an arc of jjth of a 
■ee, as to describe one of 10 degrees. The reason, how- 
ever, will he evident when we consider that the effect of 
gravity in producing motion depends upon the obliquity of 
^e line p A. In the position p c the force of gravity tends 
to keep the pendulum at rest ; the impelling efiect of the 
force of gravity is measured by the distance of the pendulum 
from this position ; the greater this distance, the greater the 
Crerage velocity of descent ; and any increase of distance 
%ithin a few degrees (or in the cycloid any iucreaae mhat- 
ner) is exactly compensated by the increased speed of 
describing it. 

127. This remarkable law of isochronism is said to be the 
earliest mechanical discovery made by Galileo, while pnr- 
-niing hia studies at Pisa, about the year 1581. Being one 
day in the cathedral of that town, his attention was arrested 
by the vibrations of a lamp swinging from the roof, which, 
vhether great or small, appeared to the thoughtful young 
^lilosopher to recur at equal intervals. The instruments 
then in use for measuring time being very imperfect, Galileo 
attfflupted, before quitting the church, to test this observa- 
tion by comparing the vibrations of the lamp with the beat- 
ings of his own pulse. Being satisfied, by repeated trials, 
^t the oscillations of the lamp were isochronous, he con- 
Btrncted a pendulum with no other object, at first, than that 
of ascertaining the rate of the pulse and its variations from 
dftytoday. In the year 1583, however, we find him recom- 
mending the pendulum as a measurer of time. In his first 
'^>plication3 of it to astronomical observations, he employed 
feaaoa& to count and register the oscillations, but he soon 
invented means of effecting this by mac\ra\w^, %.w4, ^"iN-i 
fvara luter he describes his " time-meaauTet" at -^■vAxto.va. 
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clock, " the precUion of which is so great, and Bucht ihititl 
will give the exact quantity of hours, minutes, seconds, and 
even thirds, if their recurrence could be counted j aad iB 
constancy is such, that two, four, or six such instrantenla 
will go on together so equiibly, that one will not differ froa 
another so much as the boat of a pulse, not only in an hour, 
but even in a day or a month." 

128, Seeing, then, (hat the vibrations of the penduiuin 
depend upon the force of gravity, which acts upon all boiHa 
with equal effect (108), we may naturally suppose that those 
vibrations are not influenced hy the quantity or quahlj 
of the weight suspended. Balls of metal, of ivory, of wood, 
&c. suspended by strings of the same length, vibrate 
same time ; and the same remark would be true with respeotj] 
to cork and other light substances, were it not that they 
so small a proportion to the resistance of the atmosfAi 
compared with balls of metal. The remark, however, is 
of all substances suspended in vacno. 

129. Seeing, then, that the time of oscillation of a pendi 
vibrating in small arcs, depends neither upon the magnitude 
of the arc, nor upon the quantity or quality of the substance 
suspended, let us now inquire what effect will be produced 
by varying the length of the suspending thread. It can be 
proved that if the circumference of a circle be regarded ti 
3.1416 times its diameter, the time of oscillation 
oycloidal pendulum (or of a common pendulum vibraUng ix. 
Tery small arcs) will be 3.1416 x the time of falling 
tically half the length of the pendulum. As the time 
oscillation then bears a constant ratio to that of 
through the height of the pendulum, and as the times 
foiling different heights are proportioned to the square 
of those heights,* it follows that the times of oscillation of 
different pendulums are as the square roots of the lengths of 
the pendulums. For exum^ile, if we take three pendulums 
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whose lengths are as the numberB 1, 4, 9, then pig, ^7. 

the times of vibration will he respectively us 
1, 2, 3. Three such pendulumB are repre- 
sented in fig. 67, consisting of three weiglits 
enspended in the same vertical line hj means 
of threads, each attached to two points of 
BBSpension, It will easily be seen, on repeal- 
ing this experiment, that the pendulum whose 
length is 1, makes 2 vibrations to every 1 of 
that whose length is 4, and 3 vibrations to 
erery 1 of that whose length is 9. 

In determining the above important laws, 
.we have token what is sometimes called a 
timpie or geometrical pendnluin, or one in 
which the weight of the thread is altogether 
OBiitted, and the heavy body suspended, sup- 
posed to have its whole weight collected into 
one physical point ; or, in other words, the 
suspended body is supposed to have weight witliout magni- 
tade. 

130. We now take the case of what is sometimes called a 
compound peadulum, in which the effect of weight in the 
thread, and magnitude in the suspended body, are considered. 
The several parts of such a body will of course be at different 
^stances from the axis of suspension. Sow, if each mate- 
rial point of such u body were to be connected with the axis 
of suspension by a separate thread, and if, wldle this system 
were vibrating as a single pendulum, the heavy body were 
to fall asunder, and each particle were to vibrate by its own 
separate thread, it is evident that those nearest the point of 
suspension would vibrate more rapidly than the remoter par- 
tides. In a heavy body, such as is used for the bob of a 
pendulum, all the partides being bound together by the force 
of cohesion, must vibrate in the same time. Those nearest 
the point of suspension must be lelaTiefi. \i^ ■i^^'i ■^.w^'s 
motion of remoter particles ; while t\ieae, irn \\ife tenW«s-^ 1 ''^ 
a 2 
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made to vibrate quicker by tlie tendency of the nearer pal* 
tides to oacUlate in shorter times. Thus, in \ 

figure, it is obvious that the e 
Fig. 6S. ptirtielea at ft must be forced to osd] 

Hlate in shorter times than they woul 
do if left to themselves, while ti 
particles at a must oscillate i 
longer times than a. simple pel 
dulum whose length is 
must then be some particle betwei 
nand b, situated at such a distance 
from A tliat tiie tendency of the 
particles above it to accelerate i(| 
motion, is exactly compensated ^ 
the tendency of the particles beloilf 
it to retard its motion ; conM 
qucntly, the molecule situated t 
this particular point, viz. o, osei! 
lates in exactly the same time as R 
would do if liberated from all connexion with the other par- 1 
tides above, below, and around, and were set swinging by » j 
thread without weight. This remarkable point is colled the I 
centre ofaidllation.* ] 

' If the motion of a pendulam is tj lia completely stopped witliont 1 
prwlucicg any pressure on the point of Eaepcnsion, the opposing fane I 
mnst be applied, not at its centre o/gravitj/, but at its centre of otcilla- , 
lion. Hcnco this point ia also najned the centre nf percuanoi*. If i , 
blow be giTcn b; a rod of uniform tbiiikness, held by one end, and 
Hvang; round in a circular arc, tbe effect of tho b\ov is not so great at 
the middle, which is its centra of gravity, as at the ccotre of perauaeion, 
whitli is farlier from the hand. Tliia property of the centre of perona- 
aion can lie ascertained liy giving a smart blow nith a stick. If we give , 
it motion round the joint of the wriiit only, and, holding it al 
extremity, strike smartly at a point considemblynearer, ormorerei 
than two-tUirds of its length from the band, we feel a painful jar ja 
atraiD in the hand ; but if we strike at, the point n-liich is precisely ivO 
thirda of its length, no Mach diaagreeftWa jar ■wifi'Viii M*.. \l-«etM?S^ 
the blow at one end of the stick, vre nwa*. wiaiB Wa ctn: 



~ 131. Tlie diatanceofthe centre of oacillationfromthe point 
pf Buspendon forms what ia called the lent/tk of tlie pendulum. 
This length is in effect the length of the simple pendulum, 
which, would oscillate with the same rnpidily as the com- 
pound pendulum. The position of the centre of oacillfttion 
depends on the form and magnitude of the oacillating body, 
the density of its several parts, and the position of the axis 
on which it Bwiogs. A pendulum of copper with a very 
thin rod, would have its centre of oscillation at o, fig. 68 ; 
but if the rod were thicker, its centre of oscillation would be 
higher J but it can never be so high as the centre of gravity, 
G, though whatever raises or loweva the centre of gravity 
will raise or lower that of oscillation. A small weight added 
to the lower extremity b, causes the centre of oscillation ta 
descend ; if this weight were placed higher than o, it would 
caose that centre to ascend. Accordingly, in some clocks a 
small weight is made to slide upon the pendulum rod, by the 
Bdjaatment of which the clock may be regulated; it ia, how- 
ever, more common for this purpose to cause the bob to 
ascend or descend by means of a screw placed beneath it. 

132. The addition of matter above tlie axis of motion (or 
lengthening the jiendulum beyond a) has a very remarkable 
effect. As the matter above a must be rising whenever the 
rest of the pendulum is falling, and vice vend, it tends to 
retard every motion (just as the smaller weight in Atwood's 
machine retards the fall of tiie otJier). Hence the time of 
on is lengthened, and may be made as long as we 
for if the matter above a have its wiiole moment. 
to that of the matter below a, tliere will be no ten- 
Aqbc^ to oscillate, for a will be the centre of gravity, and. 

e-tlkird of iU length from the other end, and then the Btniin will be 
kToided. The conTeDionee of uAing u hiimmer, or on aic, depends on 
the position of ita centre of perouaaion ; and Bwords hive it« posilion 
marked on the blade, and if they strike at a point very near the eentre 
laion of one sirord, and vety fat fiQia tti».V it ^w tt*.V'a,^'i 
« broken, but not the former. ; 
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the body will remftin at rest in whatever position it is pla«d, 
or if set in motion will rotate continually (wliich tnfty b« 
regarded as an oscillation of infinite length). Now tlic 
nearer we bring the centre of gravity to the axia of motioii, 
the nearer shall we approach this state, and the longer vtll 
be the time of osrillation, or the greater will be the virtsil 
length of the pendulumi so that this length may be as grtM 
as we please, and when it is greater than the actual lei^;tli, 
the centre of oscillation will be out of the pendulum, at 
may be at any distance from it.* 

133. Since the virtual length of a pendulum ia estiniatei 
by the distance of its centre of oscillation from the asig of 
suspension, it follows from what has been said (129), that the 
tiroes of vibration of different pendulums are in the 
proportion as the square roots of the distances of thdr 
centres of oscillation from their axes of suspension. Now 
it is very remarkable, that whatever may be the positions of 
these two points, ibey are always mutually convertible. Firf 
example, if a be the axis of suspension, and O the corro' 
spotiding centre of oscillation, the pendulum will vibrate itf 
the same time if it be removed from its support, inverted^ 
and suspended from o instead of a, for its centre of oscillv^ 
tion will then be at a. This property of the pendulum 
made use of by Captain Kater, in his laborious experimenta 
on the length of the seconds pcndulmn, with a view to (of- 
nishiag a national standard of weights and measures. 

134. The mathematical method of determining the place 
of the centre of osciDation is somewhat difficult even in pendu- 
lums of the simplest forms and of uniform density, and hardly 
applicable in others. It may be observed, however, that tliS 
time of oscillation {and consequently the virtual length) i« 
the same for all positions in which the distance of the axia of 
suspension from the centre of gravity remains constant; and 
also, that the centre of gravity is always in the straight liiM 

k ' I^fanswesee that abod; stay^ieaQVcXa. V<>t Vw«\.\j«.^«^m|d| 
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joining the centre of oscillation and tUe axis. Ilenue, if a 
sphere be described round the centre of gravity with any 
radios, another concentric sphere may be found, such that 
if the axis be a tangent to any point of either the outer or 
inner sphere, the centre of oscillation will be at the diame- 
trically opposite point of the oiAw sphere. It ia possible lo 
find such a radius for one of these spheres as aliall make the 
Other coincide with it. In this case (that is, when the axis 
and the centre of oscillation are at eijual dialances from the 
centre of gravity) they are as near each other as possible, 
BO that the pendulum then oscillates in the Bhortest time 
possible. 

135. The determination of the exact virtual length of the 
pendulum vibrating seconds (oi other measurable intervals 
of time) enables us to ascertain some most important facts 
respecting the earth and the force of gravity, some of which 
will be noticed in our next chapter. But in order to make 
the pendulum applicable to these delicate observations, it is 
oecessary to determine, _first, the exact time of a single 
vibration; and, gecondli/, the exact distance of the centre of 
oscillation from the point of suspension. The first point is 
determined by observing the precise number of oscillations 
made by the pendulum in a certain number of hours, as 
determined by a good chronometer ; and then dividing the 
time by the number of oscillations, the exact time of one 
oscillation will he obtained. But as it may be necessary 
during several hours to count many thousand oscillations, the 
chances of error are very great : the method of coincide/tees, 
invented by Borda, may therefore be employed. The pen- 
dulum whose motions are to be observed is placed before a 
pendulum clock, and the two are so adjusted as to oscillate 
nearly, but not quite, in the same time. The two pendulums 
■re set swinging at the same moment, but being slightly un- 
eqoal in length, they soon cease to swing together ; one gains 
a little upon the other, so that they \>ol\v ctoaa e,wA\ tiO&'CT 'w.. 
swinging, until at length one has gamei a. "«\i.tAa owSiB!C\w&. 
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upon the otheF : when this takes place the two pendulums 
coincide for an instant, and again separate as before. Now 
if all these coincidences be observed in a given time, say 
three hours, the hand of the dock will give the number of 
vibrations made by its pendulum, and the number of ccSsk^ 
cidences will showthe number of vibrations which the oUier 
pendulum has gained or lost upon it By adding or sob* 
tracting the number of coincidences from the number of 
osciUatioDS shown by the clock, we get the exact numbeif 
made by the experimental pendulum in three hours. Di- 
viding the number of seconds in the three hours by thi0 
number of oscillations, we get the duration in seconds of 
each oscillation. 

The length of the pendulum, that is, the distance of the 
centre of oscillation from the point of suspension, may be 
fbund by the rule already given (133), and by giving to the 
pendulum a uniform figure and material, it is the more easily 
determined. 

136. The time of vibration and the length of a pendulmii 
being known, it becomes easy, first, to determine the length of 
a pendulum which shall vibrate a given time ; and, secondly, 
to determine the time of vibration of a pendulum of a given 
length. In the one case the time of vibration of the known 
pendulum is to the time of vibration of the required pendu-* 
lum as the square root of the length of the known pendulum 
is to the square root of the length of the required pendulum. 
The second problem may be solved thus: — ^the length of the 
known pendulum is to the length of the proposed pendulum 
as the square of the time of vibration of the known pendulum 
is to the square of the time of vibration of the proposed 
pendulum. 



ni. UNirORMLT RETARDED MOTION COMPOSITION OF 

UOXIONS — PROJECTILES — ^HEAVEKLT BODIES — CENTIU- 
I-DGAL FORCE. 

187. Whatever has been atated in the last cbapter reapecting 
uniformli/ accelerated motion, ns produced by tlie constant 
action of a force in the same direction in wliich a body ia 
moving, will be found equally applicable to the converse 
ease of uniformli/ retarded motion, produced by the constant 
and uniform action of a force in the contrary direction. As 
in the former cose the velocity increased by equal additions 
in equal times, so in this case it is reduced by equal lusses in 
equal times ; and if the force be tlie same, the velocity lost. 
in any unit of time (such as a second) will be equal to that 
gained in a similar unit in the former case. Thus, when a 
body is projected or thrown directly upwards, and then lel't 
to the action of gravity, it rises during any second 32 /eet 
legg than during the previous second, until ils velocity is 
reduced to 0, and then to less than 0, that is, to a motion in 
the contrary direction, when the same law continues un- 
altered, for the body gains (like any other falling body) 32 
feet of downward motion per second, which is the same 
thing as losing 32 feet of upward motion. By taking the 
opposite signs + and — to represent upward and doivnmard' 
velocity, we may easily determine the motion of a projectile 
ehot upwards with any given velocity, say 100 feet per 
second. At the end of a second its velocity will be reduced 
to 100 — 32 ^ 68 feet per second ; but the average speed 
during the whole second is the mean between 100 and 68, 
via. 84 feet per second. 
IntliBlfit second it TiBCS 100- 16— S4 feet 
In the 3d Bccond „ SI — 32 = 52 bringing it to I3li ^ 
In fliB 3d second „ 52-32= 20 „ ISeifcotfrom 

In the ith second „ 20-32=— 12!oweriQgit to li4> tUc 
In the Bth aeeond „ —12-32 = — 44 „ 10o\gromid. 

■ond „ _J1_32=-7Q „ 11*^ 
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And another qnarter-seeoiid will exactly bring it to the 
ground, for its Telodtj at the end of the 6th second is 
100 — (6 X 32) B — 92 feet per seoond ; and at idie end of 
e\ seconds it is 100 ~ (6^ X 32) s — 100 feet par seocHKl; 
and the mean between 92 and 100 is 96, so that the aTenge 
Telocitj daring the quarter-second is 96 feet per second, or 
24 feet per qoartar-seoond. 

As tluB Tekxdtj diminishes just as fSeist during the asoe&t 
as it increases during the descent, the body passes any point 
with the same Telocity in rising as in falling, returns to its 
starting level with its original starting velocity, and takes 
the same time to perform the whole or any part of its ascent 
as the wh<de or the corresponding part of its descent 
Hence, having the initial velocity, we can easily find the 
time of ascent or descent ; thus, as 32 : 100 : : 1 second 
(the time required to gain or lose a velocity of 32) : 3^ 
seconds (the time required to gain or lose a vdocity of 100); 
whence 6^ seconds are necessary, first to lose and then to 
gain it The height attained, then, is 3| x 3| X 16 feet 
BB 156 feet 3 inches. 

138. We see by this example, that motions in the same or 
contraiy directions can be compoundedy like statical forces 
(6), by mere addition or subtraction ; for, in fact, the place 
of the body at any moment of its ascent or descent (at 
5 seconds after its projection, for instance) is the same as if 
it had first risen for 5 seconds with the uniform velocity 
imparted to it at starting, and then fallen for 5 seconds by 
the free action of gravity. The original velocity continued 
uniformly during this time would have carried it through 
+ 500 feet ; and the action of gravity, as we"^^ have seen 
(113), would bring it through — (5 x 5 X 16) = — 400 
feet ; and, accordingly, the action of both together brings it 
to 500 — 400 =100 feet from the ground. The same pro- 
cess will give us its exact height at any other moment of 
the lise or faU. 
J39. Tln't^ '•'^wiposition of motions c6\i\3LTio\.\aiLft^«^5fc^^stfc 
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it not for a pliyeical law of great importance and simplicity, 
whicli may be thus espresaed, that the dynamical effects of 
forcer are proportional to their ttatical effecU. The same 
force which balances another force of twice the amount, will 
also when unbalanced produce twice as much motion ; that 
is to say, it will either (I.) import to tmice aa much matter 
the name velocity in the same time; or (II.) it will impart 
to the saToe matter tnixe the velocity In the same time; or 
(HI.) it will impart to the sam£ matter the tame velocit; in 
Aai/'the time- It must be distinctly understood that thia ie 
not (as some have supposed) an abstract or necessary truth, 
but a physical fact, or law of nature, — not a fact to be learnt 
by deduction, but by induction from experiments ; and it is 
this which reoders dynamics an. inductive science. The 
roles fc^ the composition of statical forces may be deduced 
withoat any appeal to nature ; but such appeal ia neces- 
sary before we can apply them to motions, for they would 
not be so applicable if motions were not proportional to the 
pressures producing them. For instance, it might hav« 
been so ordained that the dynamic effects of forces should 
be as the squares of their statical effects, or vice versA, — that 
ft double pressure should produce a quadruple motion, or a 
quadruple pressure be required to produce a double motion ; 
ia nether of which cases could motions be compounded 
m the simple manner above explained. One consequence 
of fhis would be, that the proper motions of the variouB 
olgects in a ship, for example, would not be so compounded 
with the common motion of the whole ship as to produce, 
with regard to each other, the same effects as if the ship 
weare at rest. For example, to quote a case from Professor 
Bobison, suppose a ship at anchor in a stream, and that one 
n walks forward on the quarter-deck at the rate of two 
miles an hour ; that another walks from stem to stem at 
i rate ; that a third man walks athwart ship, and 
ftilDunh stands stiU. Now, let the a\\ip ^io aMi\i^owA.Vi wa.\. 
ide, and float down the slream al \\ie Ta-Xa cS. 'Cm** 
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miles an Iiot;r. We cannot conceive any difference ii 
change made on each man's motion in absolute space ; but 
their motions are now exceedingly different from vthtiX ihej 
were: the first man, whom we may auppoae to ha^e be 
walking westward, is now moving eastward one mile j 
hour; the aecond is moving eastward four miles per hour; 
the third is moving in an oblique direction about thrw 
points north or south of due east. All have suffered the 
same change of condition with the man who had been 
standing Btill : he has now got a motion eoi^tward at the 
rate of three miles an hour. In this instance we see very 
well the circumstance of sameness which obtains in the 
change of these four conditions. The motion of the ship is 
blended with the other motions ; but this ctrcimiBtance ii 
equally present whenever the same previous motions aw 
changed into the same new motions. We jnust ascertun 
this by considering the manner in which the motion of the 
ship is blended with each of the men's motions. Tbis kind 
of combination is called the composition of mof ion, to which 
the doctrine of the parallelogram of forces is applicable.* 

■ The importanoa of Uiifi principle (and also that of egjerimeni or 
adim obaervstion, aa disticgnished from mere fxj>erience or prativl 
obaervalion) is well shonn b; the hietoiy of an objection once urged 
against the Copemican Byetem — vix. that If the earth nero reallj noviag, 
a stone dropped from a tower or precipice would be left behind, and lall 
at a considerable dietance wostnacd, juat us it vonld, if dropped froni 
die maal of a ship Esltiog on a river, be left abaft tbe foot of the m 
Neither of these experinienta waE actual!; tried ; the; vera thooght 
too simple, and their results too obvious, to need a spceLi] examinaUon. 
So the objectioD was met with learned arguments, ansvcrcd by other! 
equally satiBfnctory, till after some jeara the diaoussion was Buddenlf 
cut short b; the Bimple diecoTeiy that the stone daa not tai\ abaft the 
mut, but accuraldy at its foot (if in vacuo or in air that parlates of 
the ship's motion). Still no one thought of performing with care the 
other experiment, U1I, after the complete eBtabliehmcnt of the lawa of 
motion, it vas seen that this vould still, though for a different reason 
affbrd (Ac erperinKtitvm rrvcie lox deci4\n^ "iftiettQci \.'a6 ei.-rtk be it 
moUon or at rat; and now, insleail ot conciiiwis agoiiwl. \\a -nuiCw 
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140. But, to take a simpler case 
'which has been alreadj considered a 
body m, flg. 69, to be acted 
on. at once by three forces 
in the directions of the 
arrows a b c ; that a acting 
alone wonld in one unit 
of time (such as a second, 
or an hour) drive the body 
to a; that B acting alone ^ 

(and being weaker than a) would in the same length of time 
drive the body no further than to b ; and that c, in like 
manner, acting alone, would cause it in the same length of 
time to reach c> Now, to find the effect of A and b united, 
complete the parallelogram xadb, and its further angle d 
is the point to which the body will be sent by the joint 
action of both a and b, in the same length of time that it 
would have occupied in reaching a by the action of a only, 
or in reaching b by the action of b only. This will be true, 
■whether the two forces act both in the same manyr or in 
different manners, however varied ; but in the latter case, 
although the body arrives at the point d just as soon, yet it 
will travel thither by a different route. In order that it may 
move along the straight line xd, it is necessary that the two 
forces act in the same manner; such, for example, as by an 
hiBtantaneous impulse, which will cause an uniform motion; 
or both may act continuously and uniformly, so as to produce 
nn uniformly accelerated motion (like that of falling bodies) s 
or both forces may act with a continually varying intensity, 
both increasing or diminishing at the same rate, and the 
nuition will still be rectihneor. But if one force be instan- 
taneous and the other continuous, or one uniformly continued 

beckiue the stone do«s not f:il1 at n great distance to the vital, we actu- 
sJly derive a direct jiroqfoi that niolioo from the faet that 
veiy minate diatsDce to the tast of the vetlicsl.— Sit* " \ii«5A'Mi^ 
\b» Study of natural Phiiosopliy," p. 70. 
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and ihe other varying in intensity, or both varying by dif- 
ferent laws, BO as not to preserve constantly the same ratio 
to each other, then tlie path of Ihe body will be a curre, 
still, however, conducting it eventually to the point t^ in the 
same time that the force a. would have taken to send it to s, 
or B to Ii. 

But suppose the third force C to act on the body x, and to 
be capable of carrying it to c in the same time that x and b 
jointly would carry it to d. We have only to complete tlie 
parallelogram x dec, to find that by the combined action of 
all three forces the body will be sent in the same unit of 
time to e. Here it should be observed, that whether we fint 
find the combined effect of A n and then add that of c, or 
first combine a c and then add b, or first combine b c and 
then add the effect of a, the result in either case will be the 
same, and will conduct us to the same point e. 

It is another remarkable consequence of this law, that 
whether we regard the directions of the three forces as bring 
all in one plane, or in difierent planes; whether we regard 
the linip of this figure as they really lie fiat on the paper, or 
as the projection or picture of a solid parallelepiped, the law 
is equally true. The same process is of course capable of 
being extended to any number of forces or motions. 

141. This most important law as regards rootions, may 
therefore be simply expressed in the following terms : — that 
by any number of forces acting together for a given length 
of time, a body is brought to the same place as if each of the 
forces, or one equal and parallel to it, had acted on the body 
separately and successively for an equal length of time. 
Thus, by the separate and successive action of the forcei 
a B c, or equal and parallel ones, during a certain time, an 
equal time being allowed to each, the body a: will be carried 
first to a ; thence, by a force equal and parallel with b, it 
will be carried to d, and thence to ^ by a force equal and 
pamUel with c. Or if they acl iu «n^ oV\vct QxAaT, it ia 
see tiat x will be carried lions ^^^^ aViTO^V'^aoBa 
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wlticb, though fonniag a difierent route in each cose, will 
yet in every case bring it eventually to the same point e ; 
which is also the point to which it will be carried when they 
idl act together for the same length of time during which we 
bare supposed each to act separately. 

142. Let us now consider the effect of the composition of ttn 
WBi/wm with an uniformly accelerated motion, the two being 
in different hat not opposite directions. In other words, let 
OB observe the effect of a constant and uniform force acting 
in any way on a body already in motion. We have already 
conNdered the particular cases in which the force directly 
os^sts or directly opposes the motion, — the former ia the 
case of falling bodies (114), the latter of those shot directly 
upwards (137). We come now, therefore, to the general 
caseh,of projectiles, L e. bodies thrown horizontally, or ob- 
liquely. To simplify the question, let us suppose them to 
move tn a vacuum, bo that they may be subject to no other 
{caxe than gravity, which continually deflects them out of 
Ihe straight line which they would otherwise describe (94), 
and which ia called the line of projection. Now it maltera 
not whether this Hne be horizontal, inclining upwards, or 
inclining downwards, it will constantly be found that the 
vertical depth of the projectile below this line at any moment^ 
is equal to the depth which it would have fallen during the 
time which has elapsed since its projection. Thus, if a 
cannon-ball be shot from a in the direction a h, and ita 
original velocity be such as would carry it through the space 
A a during one second, then, if not subject to gravity, it 
would proceed in a straight line and arrive at a in one 
second, at h in two seconds, and so on. But gravity alone 
would cause it during the first second to fall 16 feet (say 
from A to g). By completing the parallelogram xaot/, then, 
we see that after one second the body ivill have arrived at g, 
exactly as if it had first been carried by the projectile force 
baling one second to a, and then falien 4\3LT\n^ c«ift tftRrao.^ 
to ^. In the same way, daring the nexlt bwi<»4, 'Se^'X:^ 

J 
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moves in the directioa of projection througli the Bpace <li 
or fjT h, and in the direction of gravity through h2 ^ Z Hm 
16 feet. In the third second it advances as much as befop 




viz, 2!, and falls 5 times 16 feet, bringing it to the point 3. 
In the fourth and fiftli seconds it advances in tlie directioqi' 
3 A, or 4 ', as much as in the first second, but falls 7 
and 9 times as much, thus arriving at the points 4 and 5,' 
Now it results from this, that the points A, g, 2, 3, 4, 5 
necessarily situated on a curved line of that kind called K 
parabola, and if the place of the ball at any other moment^ 
(however numerous) be found, all these points will likewisfl 
fall on tlte same curve. For instance, at half a second after 
projection, the ball will have been shot through half A 
and will consequently be somewhere on the vertical line cd, 
half-way between aq and ag ; but it will not be half-way 
between c and d (and consequently not in the straight line 
between a and g), for the space fallen through in half a 
second is, as we have seen, not 8 but only 4 feet, so that it 
will be only 4 feet below c ; thus accounting for the con- 
tinued curvature of its path.* 

* Ab each force proilaces its whole effect independently of the otlltt^ ! 
Hwi] } be evident Ihat the flight, liowevet long, nnaA lie ^rformod la' 1 
^^"" e time as if the bod j had Aiaen sanpX^ *^<A. ■^atftoia.-s y 
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143. The same construction will give us tbe patli of a pro- 
jectile shot horizonlally, or obliquely downwards ; and in alt 
Cases the path will be a portion of a parabola whose axis is 
Vertical, or in the direction of gravity. When the inclination 
is upwards (as in the figure), the distance from A. at which 
Ihe ball again crosses the horizontal line a 5, is called the 
korizontal range. This will be the greatest posaihle, with a 
t;lvAa Telocity of projection, when the body is projected at 
iA'kUgk of 45° with the horizon, which is the reason that 
fixed at that angle. In this case the greatest 
hdjl^ att^cd is just one-fourth of the range.* It is also 
r^orkoble that the range will be diminished equally by 
equal deviations from this angle, whether above or belowifc 
Thus a mortar will (with the snme charge) carry to the 
same distance, on a level plain, when it is inclined 40° as 
vhen inclined 50° ; or the same at 10° as at 80°, A very 
elementary knowledge Of the nature of the parabola will 
eirable the reader to deduce these, and some other singulac 
facts-t 

t« the Ugbflst level vhiob it att^ns. So also a body shot horizoatiU; 
vUh any velocitj, ifUI reach an; lover level in e^ctlj the Eame tirao 
if it had beea eimplj dropped, 

• So that, as the time of flight is twice the time of falling that height 
h (or the eiact time of falling fonr times that, height), the halt anivea at 
' its desthiatjoa in the same lime as if it had fallen a like dislanee vcrli- 
«Uj by the action of gravity. Henco the range (in feet) is 16 times 
the sqDare of the numlier of Beconda in the flight. 

t lo all this the resistance of the air has beea neglected ; and tbe Ib- 
tiDdnctioa of thie new force, varying as it does both in illrection and 
inlen^tj, (being alivaya opposed to tbe direction of the eompound 
motion, and vsrying be the equaro of its velocity,) eomplicates the pro- 
bleni BO much on to render it one of the most difflcDlt in d jnamici, and 
raie which cannot lie eaid to be even yet reduced to a practicaJ form. 
The calcniationg of gunnery are therefore obliged to be founded on 
CzperiioeDl, rather than exact reasoning. How great on eSeet the air 
hw fai altering tbe pombolic form, will be obvious by remembering tbst 
flMtif aare, if perfect, irould be symm,ttnca>, on. Wic\i ^Aq^A i\». «£*•, 
U0tEi4 in the actual path of a projecU\e, ftie ieaeaoii-oi'^'nai-'^ "* 
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144. We liave liilhcrto r^arded gravity aa a paittHel fwce 
(or as ocUng everywbere par&llel to iteelf ), because the centra 
tow&rda which it ib directed ia so diatimt {nearly 4000 nuke] 
that the lines conrerging to such a centre may be coiuadered 
panlleL But if the range of a projeclile amounted to soma 
miles, BO as to bear a measurable ratio to the earth's radiio, 
it would be necessary, in finding its path very exactly, to 
allow for the variation in the direction of gravity ; qi is 
other words, to regard it as a central force, by making the 
lines A G, ag, b2, 13, ki, 15, no longer parallel, but such U 
would, if continued, meet at tiie cartli's centre. 

145. A moderate acquaintance with the conic sections will 
enable the reader to imagine the effect of this change, riz. to 

Pig. 71. convert the parabola into 

one extremity of a 'very 
long and narrow etUpx, 
whose otlier extremity 
passes round the earth's 
centre, and has its focus 
at that centre. Such, in- 
deed, is the curve de- 
scribed by every projec- 
tile. Thus, in fig. 71, s 
body thrown from a to b 
does not strictly describe 
a parabola whose focus is 
at F, but an ellipse, of which one focus is at f and the other 
at C. It is prevented indeed, by impinging on the earth's 
surface at u, from describing more tlian a. very small part of 

alwBjs ihorter and sleeper than the ascending one. If a eriokel-baU 
described > parabola, it wonld lall to the ground at obliquely as it 
origioall; rote from the bat. bat it ie easily seen that it ialle more per- 
peadioularlj. The want of symmetry will be more obvioaa in throwing 
a bod; of less density, sach aa cork ; but it increaEea bo greatly wiUi (be 
jBf{^ of pnjjection, that a cannon-^aU w'iVi &«w:<n^:A a \w> syomib' 
e tLaa a ball of cort ttuown ^ij ttwii- 
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H ;• but if we suppose all obstacles removed — if we 
!, for instance, the eartli's whole mass concentrated at 
the point c — the body would proceed round the entire oral, 
and (if encountering no resistance) return to the point A 
whence it started, and continue to revolve perpetually in the 
same orbit, which would exactly resemble that of a comet 
lound the sun. Or, supposing the earth to retain its actnal 
dimensions, if a body were projected horizontally from a 
with such a velocity as could carry it through the space ab, 
in the time of falling through no greater space than be, 
Boch body, though perpetually defected by gravity, could 
never be brought to the ground by gravity alone ; but (if 
oee^ng with no other matter to be moved, such as air) 
would continue in the elliptical curve acd, which, after 
^proaching within a certain distance of the earth, again 
recedes therefrom, attains its greatest distance at the point 
diametrically opposite to its least distance, and has (like the 
ftomer ellipse) one of its foci at C, the other being in this 
case at J". By a nice adjustment of the velocity and direc- 

* If it be asked. What becomes of its motion 1 (far we have eaid 
(103) tbat motioQ is Dcver tost,) we i^pty, that it is abeorbed hj (i. e. 
prodncea its effect on) the mass of the earth, by chocking and 
dwtioTing the equal aod contrary motion which was imparted thereto 
hj the Mcoi'f of the jiin. Thus, were it not for the quality of action 
nd teaction, oven the puny motioiu produced by human agency would 
If diire the earth out of her orbit, and derange the meclisniBia 
, A child jumping pushes the earth from hini, as well as 
if from the earlli ; and then attracts it aa much as he is attracted, 
li SB much momentam. As the spaces moved through by each 
mversely as their masses, it fottows tliat their common centre of 
gravity remains unmoved : and this conservation qfthe centre itfgramty 
ia a principle of the utmost importance. It must be constantly borne 
Itt m ind, that no actione, however violent, between two or more bodiei, 
ve or disturb the motion of their common centre of 
n only lio affected by forces from withoot the ayatem. 
It the meetin); of two cBDoon-balls, or the bursting of a bomb in 
;ntre of gravity of all the Iiagoiwilt* vrtJv iitm*ia.-i« 
IS coutB^ perfectly undisturbed \,j tba iJtttia^ 
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tion of projection, the ecoentridlj of the eUipae might* 
become 0, or the path circular and concentHc with tha 
earth. 

146. It is in this manner, then, that the moon rerolTesin 
an ellipse of small eccentricity, of which one Focas is ocoupod 
by the earth's centre. Her deflection from the stnugfat line,: 
indeed, during a second, does not amount to aaything 
approaching 16 feet ; but, nevertheless, it is due to a foree 
exactly identical with that which deflects a projectile. Tor 
prove this, we have only to observe that the distance of the 
moon from the centre of the earth is found by triangulation* 
to vary within certain limits, which, for simplicity sake, we. 
will call 68 and 62 terrestrial radii ; ue. 58 and 62 times 
our distance from the same centre. Now the moon's deflec** 
tion, when at the former distance, amounts, during any given* 
time, to aM of the deflection or fall of a terrestrial body: 
during the same length of time. But when at the latter^ 
named distance, her deflection is only 3^4 of that of a tenes* 
trial body during an equal time. These numbers, 3364 and> 
3844, will be observed to be the squares of 58 and 62, whence 
it appears thiEit the force which deflects the- inoon, varies in 
intensity inversely as the square of her distance from the 
eartU% centre varies ; and this is confirmed by observing her 
deflection at all other intermediate distances. Hence we 
may easily calculate at what rate she would be deflected or : 
attracted if placed at any other distance not comprised within 
these limits. Now, if we calculate in this manner her deflec- 
tion or fall, supposing her situated at our own distance from 
the earth's centre, we shall find it would be exactly 16 feet 
in a second, 64 feet in two seconds, &c. &c like that of our 
projectiles or falling bodies.t 

* See " Introduction to the Study of Natural Philosophy/' page 41. 
t The identity of the force is further placed beyond all doubt by 
finding that the same variation of intensity, according to the distance 
from the esariWB centre, applies also to \ATteji\.i\a\\)^\«&\ \<st^^^^s^ 
tance fallen by them in the first aecond. la ioun^ \»>a^ T«XJaKt\«A^»^^ 
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• ■ 147. Thia calculation is celebrated as having laid the found- 
ation of that magnificent discovery which forms the moat 
memorable epoch in the whole history of science. But the 
reader must not suppose that the merit of this grand gene- 
ralization conaiated merely, or indeed at all, in a bold and 
fortunate conjecture, supported by a few such calculations as 
this. Such a conjecture was not even new ; hut in order to 
remove it from the barren region of conjecture into that of 
rigid and useful demonstration, Newton had not merely to 
calculate, hut to invent new -methods of calculation (those 
previously known being wholly inadequate to solve such 
questions) ; not merely to demonstrate, but to invent new 
modes of demonstration, such as, though never before heard, 
should yet commanfl universal assent, He had, moreover, to 
show how this simple idea, when fully carried out, repre- 
Kcted exactly, in numher, weight, and meagure, not only the 
main features of planetary motion, hut all its minutest 
detstlB ; — not only the mean motions, or such as are obaerv- 
■ble without actual measurement, and reconcileable with the 
simple notions of circular and uniform motion, — not only 
the inequalities detected by a more attentive observation, 
ind still designated by the term anomaly (though Kepler 
bad just then reduced them to perfect order, and shown their 
dependence on the ellipticity of the orbits), — not only the 
still smaller, and till then unaccountable and seemingly 
capricious deviations fi-om these laws of Kepler, — but also 

bigh monnt^na than at the aeu-lovel, and ta be dimlDisbed exactl; ss 
the aqvare of Ibc distance from Uie earth's tentre is increased. This 
lus been proved by cmnparing the OBcillations of a peudDlum at both 
itatioDS, for the timeH of these Oscillations can be compared, with any 
degree of exactness, by couDllDg the number of them made in n day, ot 
any number of daj-a ; and we bava seen that these times bear a constant 
ratio to that of falling half the height of the pendulum. A pcndulom 
beaUng eiact seconds at Chamouni, would loao upwards of 12U beats 
per day at tbetopof Mont Blanc; the depth fallen, bj alxjijTO.tti'it's.S 
aecood being nearly liro-serenlhs of an inch more \n *Xiii MJAfj ^lOBSi I'n. 
ibea 
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numerous otlier variationB, too slow or too minate to 
detected by the instruments then ia use, but which 
means of observation have since rendered appreciable, 
Affording continually, as the obserrations become i 
exact, new confirmations of this wonderful theory ; w] 
among all the multifarious phenomena of falling bodies, 
duloms, the earth, moon, sun, tides, planets, satellites, coi 
double stars, leaves not one fact imperfectly explained, ettUl 
aa regards kind or quantity: whether it be a cosmil 
iDOTement, perceptible only in the lapse of many ages, or i 
ri«ng of one spring-tide an inch higher than another, or t 
gun or loss of a few beats per month by a pendulum plaoj 
in a new situation. 

148, Not content, like many theorists, with proving that' 
assumed force would be sufficient to produce all the obaen 
effects, Newton undertook to prove that no other force coi 
possibly explain them ; no other being reconcileable with ) 
laws which had just been established by the indelUtigaU 
labours of Kepler. Tliis philosopher had devoted hia life 
the work of ascertaining the laws whi(:h regulate (I.) the rd 
tive velocities of a planet in different parts of its orbit ; (01 
the form of that orbit; and (III.) the relative velocities of ll 
different planets ; and he had succeeded in all three object^ 

149. First, with regard to the variations in the velocity of 
the same planet, he had found, that in the case of Mars, (and 
it has since been amply confirmed in every other case) 
imaginary line drawn from the planet to the sun' 
(called the radius vector) moves always in the same pi 
and in such a way as to pass over equal areas in equal ti 
Thus in fig. 72 (which represents the most eccentric of the' 
known planetary orbits), if the areas of the sectors 1, 2, 3^ 
4, 5, be all equal, the planet will employ an equal time in 
moving through each of these portions of its orbit. It can b6 
demonstrated from this, that the force which deflects it U 
sever directed otherwise than towavda the ^int s ; aadt 

indeed, that a force so directed wiW ntceaa^tW^ -^o4.v 



b -e^ 
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effect, may be easily proved' thus : — Let the body be at a, 

and moving with aueh velocity as would in an unit of time 

carry it to b, while the 

attraction towards 

woald, in the Bam 

unit, draw it to g. Let | 

ns first suppose the i 

attraction to act only 

for an instant, but to 

impart, in that instant, 

anch B velocity as would 

carry the body in 

unit of time to y. By 

drawing the paraUelo- 

gram a g h c, we see 

thai, at the end of thia 

time, the body will be 

found at c ; and as both the component motions are, for the 

present, supposed uniform, the path of the body will be the 

Btmght line a c (140). Now let the attraction again act for 

m instant only, imparting such a velocity towards s as would, 

in another unit of time, carry the body, if previously at rest, 

tiivoDgb the space c g', which may be greater or less than a g 

^^^^■nwer simple this and the other retulU of Kepler's labanTB may 
^^^HV, they could not be elicited «ithoat ii degree of peraeverance 
^^OBt Di^iaralleled, and of nbich we can builly form an idea. He had 
neither the sextant, which hut been called " a portshle ohserFatory," 
Bar logaHHims, by which s few lines of Bunple addition ars made to 
Hrre inntead of sbeetti of complex eakulalionx. Yet thouaanda of 
abBerratloaR had to he made and compared, not only to axcertsin the 
tmth of each of Kcplor's lawa, bat tbe ralsebood of each of bJH unaao- 
cessfol guesacB^and these amonnted, in the present case alone, to aeven- 
leat. His contomporaries regarded bim as an useless dreamer; but 
withotit thcae diacoveriea wa should havo had no Xaiitical Almanac. 
Uerobaala, nndenrriteni, the moat practical men of the present day, 
•take their fortunes upon the results of iheae dreamy s^acuktiana df 
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in any proportion. But the previouslj acquired motion of tlie 
body would carry it in this second unit through the space ci 
equal to a c, and in a straight line with it. We draw, therefor^ 
the parallelogram eg' de^ and find that the bodj will describe 
in this time the straight line c e. Now, by the well-knowa 
rules respecting the areas of triangles (Euclid, Book L 
Prop. 37), because d e and c s are parallel, the triangkB 
ec8, dc8 are equal, and (Prop. 38) because a c and cdvA 
equal, the triangles a c s, dc8 are equal ; so that « c s- iB 
equal to c a s, or the area described by the radius vector in 
the second unit, to that described in the first ; and therefore^ 
if the attraction continue to act by instantaneous impulsefl 
(whether equal or not), repeated at equal intervals of tim^ 
the body (having its motion changed by each impulse, bat 
uniform during the intervals) will describe a series of straight 
lines, such that the area described in each interval will be 
equal. Now, however short and numerous we suppose these 
equal intervals to be, the law will still obtain ; therefore it 
will obtain when they are infinitely short, t.e. when the force 
acts continuously ; in which case the series of straight Hnee 
becomes a curve. To whatever point, then, the deflectiDg 
force (or attraction) may be directed, the radius drawn from 
this point passes over areas proportional to the times of de- 
scribing them ; and conversely, when this uniform descrip* 
tion of areas is observed, with regard to any point s, it 
proves that the deflecting force is constantly directed towards 
that point. This remains true, in whatever way the magni^ 
tude of the force may vary. 

150. The second law observed by Kepler, is, that every planet 
describes an elliptical orbit, having the sun's centre in one of 
its foci.* As the former law enabled Newton to deduce the 

* Strictly speaking, however, neither this nor the former law applies 

exactly to the surCa centre, bat to that point near it which is the common 

centre of gravity of himself and all his planets, and which point is, as 

we have Been, immovable by any actvou \>^\."w^ecL MJaa \)^^«& ^jS. Iba 

sjrBtem, 
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isnner in which the direction of the force variea ; so the 
ireaent enabled him to prove how its magnitude varies j viz. 
;ver3elyas tiie square of the body's distance from the centre 
If attraction ; so that if the distance be doubled, the force is 
iminished 4 times. It has been thought by some that this 
ll a necessary property of every force directed to or from a 
Vntre, because anything spreading in all directions from a. 
tontre (light from a candle, for instance), becomes, at a 
loable distance, spread over a quadruple space (twice as 
vag, and twice as broad) ; but it has been doubted whether 
argument can be extended to forces in general, and the 
t philosopher himself certainly regarded the law as an 
Tperimenial one. It applies so unirersally, however, to 
Bntral forces, that this maybe considered useful as a way of 
Dpressing it on the memory.* The proof that it applies 
terrestrial gravity has been mentioned above (note, 
nga 140). 
151. Kepler's third great discovery,insteadof relating to the 
of each planet separately, indicates a relation between 
1^ ; tiius binding the whole into one harmonious system, 
Bod enobling Newton to prove that the forces deflecting them 

P.rds the sun are not merely similar, but identieal Kepler 
d that the periodic times of any two planets (t.e. the 
Mmes occupied in revolving round their whole orbits) are 
Lrt^rtional to the square-roots of the cubes of the longest 
^Sameters of those orbits ; or, as it is commonly stated, " the 
■qn&res of the times are as the cubes of the mean distances ;" 
I for it will be observed that the mean distance of a planet 
\ftom the sun, is half the major axis (or longest diameter) of 
I ks orbit, for it comes to its greatest and least distances at the 
I two extremities of this line, which is, accordingly, equal to 
; the sum of these distances, or twice their mean. 
I 152. From this law Newton proved that the deflections, in 
I eqiialtimea,oftworf»^eren( planets, were connected in tltevery 

» Sae this more fallj explained by a figviie la. " \Ti\,nA'aiiOw)'Q, \a 
^ JTataial Pbiloeopby," p^c 96. 
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same manner as those of the same planet in different part^r 
of its orbit ; viz. that they were inversely as the squares of 
the distances from the sun's centre. Thus the same sort of 
connexion is established between the sunward deflections of 
different planets, as between the earthward deflections of the 
moon and of a projectile. Moreover, it follows, that as all 
the planets are deflected inversely as the squares of ^eir 
distances, thej would all be deflected equally if at the same 
distance^ i. e. they would all fall sunward with equal velo- 
cities ; just as we have seen that all terrestrial bodies (at the 
same place) fall earthward with equal velocities ; and that 
the moon would do the same at the same distance. Thus we 
have another point of resemblance between solar and terres* 
trial attraction ; that each pulls all bodies at the same dis- 
tance with equal velocities, and therefore with forces exactly 
proportioned to the masses of the bodies pulled. 

153. The observance of exactly the same laws in the mo- 
tions of the satellites of the great planets, shows that a f(Hrce of 
the same kind is exerted towards their centres. Moreover, 
at equal distances, the largest body attracts with most force 
in every case ; for the deflection towards Jupiter is 340 
times, — towards Saturn 101 time% — and towards the San 
354,936 times — ^greater than that towards the Earth at an 
equal distance, and in equal times. That these numbers are 
only in the order of {hut not proportional to) the sizes of the 
respective bodies, need not surprise us, for.it simply indicates 
a difference of density^ by no means greater than that exist* 
ing between some of the commonest substances around us,, 
such as marble and wood, 

154. So far we find nothing to contradict the idea that 
this force of attraction is a peculiar virti/e inherent in certain 
points, viz. the centres of these great bodies. But Newton's 
generalization went a great deal further than this. Having 
first proved that all these efiects would be exactly the same, 
oa the supposition of a similar force exerted by each particle 

of matter composing them; lie tVien ^o^^^^^^^x^^^k^ 
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irtam otlier phenomena not explicable on the former sup- 
Mition, for though a apliere composed of attractive particles 
oil produce on every other hody exactly the same efFects as 
iita attraolion resided in its centre alone, this is not the case 
ith a spheroid or orange-like body, such as Jupiter; and 
ecordingly there are certain variations obBervahle in the 
lotionB of his satellites, which show that they are attracted 
Bt mereJy by his centre, but by every pare of his mass,* 
^er inequalities in tlieir motions also prove that they 
(tract each other, sad Jupiter himself, with forces exactly 
toportioned to their masses ; and similar reactions between 
ft (even the smallest) bodies of the solar system, account (in 
tact measure) for all the minutest deviations from Kepler's 
(WB ; so that at length (lo place the crowning stone upon 
kis wondrous edifice) we have in our own day seen the 
Werse problem of perturbation solved. By the compariaoa 
jf certain deviations, not exactly explained by the action of 
be known bodies, theory lias boldly referred them to tha 
tfluence of a body previously unhnown, has pointed out its 
ttace in the trackless and infinite void ; and wheu the telescope 
jointed to that assigned spot at once detected the feeble 

I ■ The Innw inequalitiea prove the aiune thing irilh regard to the 
tetter of the earth. But a more ^aUafaotoiy proof perhapa is derived 
ten the fact that, notwithstaEdingthedimiiintiqii of gravity in aacend- 
Pg monntalas, it diminiahea also in desccndhig mloca, because the 
ItBtam of earth above as then opposes instead of assisting the attiuc- 
Kh of that ' belov. TbU eiperim^nt naa first tried by ProfeaaoE 
Khevell, "by swinging a pendulum at the bottom of Dalcoath mine. 
mmt, all protuberancOB also ahara the attractive pon^r, is ebowa h; the 
bflectiini of the plumb-line near thefooLof uiouulaius, which waa first 
PiMTvol by Bouguer and La Condamine at the foot of the Andes, and 
llerwardB, with eitreme precision, hy Maakeljne, in 1774, at tbo 
ftenutAia Schehallion, in Perthshire. The plumb-lino deviated about 
||* from the vertjcal direction. It was aacertained from tbix experi- 
bent, and from a i^arcful measurement of the mountain and examination 
k the deoHity of iU materials, tbat the mass of the torrealtial £lDbr«, <a. 
Boot 4 J lime» ffwater tban t hat ot a 8\o\iB ol -wa\M ol ^Sie wanfc «mift^^ 
bn^ M iwalt confirmed by other totaUj inAe^enicsA ■oie'CiaAa. 
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glimmering of the planet, we may consider that the aocnmn- 
lated ingenuity of man achiered its greatest triamph. 

155. It appears, then, that attraction or gravity is tif 
universal property conmion to ail matter, every particle in ^ 
universe ''^ attracting every other particle ; but the attraction 
between two bodies both of moderate size is too feeble to be 
observed under common circumstances. The attracti(m of 
a ship for boats very near it, however, is well known ; and 
Cavendish distinctly observed, and even measured, that of 
leaden globes delicately suspended in an air-tight room, and 
viewed from a distance through a telescope. 

156. The force which we call the weight of any body, th«!, 
is the resultant of the forces with which it is attracted by ail 
the other bodies in the universe, all their forces being pro- 
portional to their masses divided by twice their distances. 
Such, at least, is a correct definition of the weight of any 
body at rest or in rectilinear motion; but in the case of 
bodies describing curves, we have seen that some centripetal 
(or centreward) force is necessarily employed in deflecting 
them from the straight line which their inertia would othw- 
wise cause them to describe. In a wheel or a penduhm 
this force is supplied by the coheswn of the spokes or the 
pendulum rod, but in a projectile or a planet it is supplied 
by gravity. Now, in the case of all bodies resting on the 
earth's surface, a portion of their earthwai*d gravity must he 
employed in thus deflecting them from a straight line into 
the circle which they describe by the earth's daily rotation; 
and we must restrict the term weight to that portion of their 
gravity which is not so employed, for this is the only portion 
which causes them to fall or press downwards. K their 
gravity were only just sufficient to deflect them (as is the 
case with a planet), they would have no downward pressure, 
that is, no weight. This is what actually occurs on the 

* It has been established by the joint labonra of the two Herschels, 
that the same force regulates the motiona ol \^i<& Vrnx^uhsoxiX^i ^^taimBB^ 
dotidle stars. 
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outer edge of Satum'a ring, and ia in all probability neccB- 
Sary to the very existence of that alupendous arch.* The 
tame thing would occur on the earth's equator if her rotation 
were only 17 limes more rapid than it is, for the deflection 
from a straight line would then amount to 16 feet in I second, 
64 feet in 2 aeconds, &c., or would be as much as gravity 
icculd produce. At present, however, the deflection of a 
bodj at the equator during a second is only about | of an 
Jncb, BO that a body deprived of weight would, in conse- 
[i^ence of its inertia, pursue a atralglit line (or tant/enf to 
the equator), which would in 1 second lift it | of an inch 
■boye the surface. Now this tendency, which (he inertia of 
bodies gives them, to recede from the centre of their motion, 
»ay be regarded as a Jin-ce, under the name of centrifugal 
ibrce. The n-eiglit of a body, then, is the resultant of its 
^avit^ towards all the other bodies of the universe, com* 
pounded with its centrifugal force. 
9 157. When different bodies revolve round the same axis in 
mqnal times (as the different parts of a wheel or of the eartli), 
mieir centrifugal forces are evidently proportional to their dis- 
jfaaces from tliat axis. Hence, in receding from the equator, 
<•, 

, * As there is a limit to the v oheaion and rigidit; of ail solids, hoir- 
, ever hard, anch va.it massee as the planets could not (if at rest) deviate 
Dejond a certain exlj^t Irom the spherical figore, for their pramineiit 
^arte could not support their own weight, bat wonld sink and spread, 
I AS the Pyramids would do if composed of jelly, or the Andes if com- 
lAaMd of freestone ; and this limit to the height of mountains would be 
ikM in ft larger planet, bo that perhaps no substance in a mass tis large 
UB the Sun conld behave diSerentl; from a fluid. So also with arches ; 
Ija Chester bridge could not have been bntlt of jelly, bo there would 
Pb* * limit to the span even of an arch of steeL What, then, ronst be 
f^llie adunantine texture of an arch encircling a world ! and not Oiia, 
Mnit the thon&andfold greater world of Saturn I We maj' conclude (hat 
,| Vila TODdrous structure could not suliaist by cohesion alone, unassisted 
ity its ceotrifngal force. 

I For a practical view of the aubject of cohesion, and, (Able!. qC 
jmoaot in diffcreat solids, see " Kudimenta ot CW'^ '^^a'j 
aiat L chap. Hi. 
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our centrifugal force ilimimslies, because we approacli i 
the earth'a axis. But besides being diminialieil, it ceases U 
be directly opposed to gravity, because the latter acts to 
the earth's centre, while the former acts from (and at li^ 
angles with) her axis. Thus in London it acta not direclij 
upward, but upward and southward, at an angle of 51i° ft«i 
the vertical. (By the vertical we here mean the eartl'i 
radius, and by up and down, to and from her centre.) "St 
whole effect of centrifugal force in this latitude during t 
second would be about 0.415 of an inch, viz. 0.259 apwni 
and 0.325 southward. Compounding this, then, with the eSM 
of gravity, which is 193.403 inches* downward, wefindtbll 
their combined effect, or that of Keigki, will be only J93.1U 
inches downward, and 0.325 of an inch southward. A bodj, 
then, does not fall, nor a plumb-line hang, truly vertical {« 
towards the earth's centre), but deviates towards the eodA 
by about ^, of its length. Hence a surface which wo ufl 
level or horizontal, as that of a liquid, is not equidistant it 
oil its points from the earth's centre, but may be said t* 
have a rise toward the south of 1 in 594 (as compared wilk 
a itpkerical surface concentric with the earth). By extendin| 
the same argument to every part of the earth's surfHce, it 
will appear, that if it were covered with a fluid, that fluid'* 
surface would be a spheroid 26 miles thicker across tbs 
equator than from pole to pole; so that if the earth werei 
Eolid sphere, water might be poured on till it stood 13 mitH 
high at the equator, still leaving the poles dry. But as 
land is exposed and some covered, in every latitude, wt 
see that the earth has been designedly fcrmed with a shape 
nearer this spheroid than the sphere, and with a view to her 

■ Thin onmber is obtained thus esactly by meona of pendnlom 
vations; for we have seen that as the time of one vibratioa : the tiniBrf 
falling half (he pendulum's lengih :: the circunifereQce of a tirdai 
diameter (129). Whence it foUowB, that tlie height fallen in im 
is 3.1416 X 3.1116 X ^a\IAi«\w«S>iQ^».w»iuii>t.-^«!Bd.'«lsml 



^^Mnmdis. 

Hum., 



GKAVITY AND CENTRIFUGAL FORCE. 151 

■otation witli this particular velocity,* The 6ame applies to 
he otber planets, the rapid rotation of Jupiter, for instance^ 
sxplaining his great deviation from the spherical figure, 

158. We need not multiply instances of the more familiar 
^ects of centrifugal force, — the destructive violence with 
ffhich grin ding-stone 3 have flown in pieces when too rapidly 
turned, or the useful application of the same force to regulate 
t^e supply of steam to an engine by the governm\ Some beau- 
tiful illustrations, however, are afforded by the feats of horse- 
tnanship in the ring of an amphitheatre. It may not be 
generally known that tlie circular form is absolutely neces- 
sary to the success of these performances. It would pro- 
bably be impossible for the horseman even to sland on his 
saddle while the horse is moving in a straight line, still less 
to perform the elegant and surprising evolutions which we 
BO much admire, because it would he impossible for the rider 
BO to alter the position of his body with eacli motion of tbe 
horse as to keep the centre of gravity of his body constantly 
within the narrow base of his feet. " If, however, instead 
of riding in a straight line, he rides in a curve, a new force 
is lent to him to support his weight — acting, too, as if it acted 
at the same point where his weight may be supposed to act, 
viz. his centre of gravity ; this new force is hia centrifugal 

* ThaB wa see, that oa approacbinK tlie eqaat«r, not only mtut the 
eontiifiigsl fores increase, l>e<»uae we are liurliier from the axis, bat also 
tlie force of gravity must elightlj dimimsli,becauEO vc are a. little farther 
firom the centre. For both reasons, therefore, laeiglU mnst diminish; 
and this wilt be detected by opposing a weight to some constant force 
{as the eUaUuit; of a epring), or more exactly by the vibrations of the 
pendulum. The first observationa tor tbia purpose were made byKichl«i 
in 1672, at Cayenne, where he found the seconds pendulum to be about 
-^ inch shorter than at Paris, The London Beconds pendulum hss been 
made ths atandard of our measures, as already noticed (note, p. 3). 
The pendulom obacrvationa, meaHnramenls of desrees ("Introduction 
to Natural Philosophy," p. *0), and lunar perturbations, though j 
foctly independent, all concur in making tiiQ &\ffQ'E<^'aj»i <A "C 
gTiasteflt aad (east rfiametera = about, ^ ol cWkM, 
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force. His centre of gravity has now no longer any ooca- 
flion to be brought over the base of his feet, another hori- 
zontal force joins in supporting it ; and, poised between the 
horizontal force and the resistance of his feet, its equilibrium 
is easily found. To the action of the centrifugal foroe, 
which would otherwise overthrow him outwards^ the hism- 
man slightly opposes the weight of his body by leaning 
inwards ; and does he find his inclination too great, he urges 
on his horse, and his centrifugal force, thus increased, raises 
him up again. By thus varying his velocity and the incli- 
nation of his body, the conditions of his equilibrium are 
placed completely under his control, and he can perform a 
thousand evolutions that moving in a straight line he oooM 
not ; he can leap upon his horse, stand upon his head or his 
hands whilst he is performing his gyrations, or jump from 
his horse upon the ground, and, running to accompany its 
motion, vault again upon his saddle. The conditions of his 
stability, and evei^ ^^^ force of his gravity, appear to be 
mastered. There is in fact given to him a third invisible 
power, by the act of his revolution, which is a certain modi' 
fication of the force of his onward motion ; this acts with 
him in all the evolutions he makes, and is the secret of all 
his feats." 



Part III.— HYDROSTATICS. 



T^E conditions of equilibrium in liquids, and the pres- 
sures exerted by them, are considered in the science of 
I HjdrOBtatica, the third of the four great divisions which 
I form the subject of general mechanice. 
I 159. The properties of liquids are always modified by the 
I BCtJon of two forces; viz, that of weight, or the attraction of 
f gravitation, to which they, in common .with matter of all 
I kinds, are subject ; and, secondly, molecular atlraction, which 
mnat act differently in liquida and solids, although we have 
I BO means of determining in what this difference consists. 
I We can readily form an idea of the distinct action of each of 
these forces, for we can imagine a mass of water ceasisg to 
be heavy without ceasing to be liquid ; such a moss would 
neither fall nor flow when turned out of the vessel containing 
it, and indeed it would not require for its equilibrium to be 
sustained by the ground, or even by a vessel ; and yet such 
a mass of weightless fluid would display a number of remark- 
able properties, the most important of which would be 
equality of pressure in all directions ; that is to say, the liquid 
would transmit equally, and in all directions, any pressure 
exerted on its surface. For example, let abed ef, fig. 73, 
be a vessel containing a liquid supposed to be without weight> 
and p a solid piston, which exactly covers its sui-face. Ifl 
the piston is also without weight, it \a ij\«w 'Owv\. '&iii\w^ 
Tienoes no pressure, and tbal il a\\o\e •m«.t«. 
h3 
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vesael no portion of the liquid would flow out. Kow, lUp- 
pose that the piaton be loaded with any given weigbt, ny 
100 pounds, it will of course tend to sink down into the 
liquid, ftnd it would do so unless the liquid itself opposed 
such a tendency. Whether the liquid be compressible or wA, 
the result is the same, for the liquid must either become 
annihilated, or it must bear up the weight of 100 lbs. If we 
divide tlie liquid into any number of layers, the uppennosl 
layer, which la in contact with the piston, and sustains it, 
also sustains the whole of the weight, and would of count 
descend unless supported by the layer immediately beneuth, 
which receives from, the one above it as much presaureu 
that one receives from the piston. So also the second lajer 
presses upon the third, and ill 
this way we may go on DntB 
we arrive at the bottom of the 
vessel, which we shall find lui 
to sustain the pressure of the 
100 lbs. exactly as if the weight 
and piston were placed tliae 
instead of being transmitted hj 
the liquid. Now, as this pra- 
sure of 100 lbs. is borne by the 
whole of the base of tJie vese^ 
it is evident that one-half of the base sustains only 50 lbs, 
and that one-hundredth part of the base sustains only 1 lb. 
We see, then, from this illustration, 1st. That the pressure Is 
transmitted by horizontal surfaces from the top to the bottom 
of the vessel without any loss of effect ; 2nd. That the pwe" 
sure is equal at each point ; 3rd. That it ia proportional to 
the extent of the surface under consideration. 

160. So far we find no difference between a liquid andi 
solid, but thepeculiarcharacteiisticof liquids is, that the SKIM 
effects are produced on the «(fc* of the vessel as on the base. 

LB iaieral opening be made m ^.wj K«eR,i\im, «s at a (, ths 
T Viil Bpirt out ; and U ibe Q'pema^V^iMtma&ft'wt (&■&*, 
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same size as the pUtoa p, it will require a force equal to 
100 lbs. to prevent tlie water from spirting out j if this side 
opening be only one-bundrodth of the area of tbe piBton, the 
water may be kept back with tbe force of 1 lb. If s, bole be 
made in the piston, the liquid will spirt upwards, proving 
that tbe piston aho sustains a pressure similar to that on tbe 
base and sides of the vessel. Indeed this necessarily arises 
from the principle of action and reaction. It will be seen 
Ihat liquids transmit equally, and in all directions, the pres- 
sures exerted on any part of them, so that every surface 
wbich they touch receives (and must return) a pressure pro- 
portioned to its ai'ea. Thus, if the area of the piston r be, as 
we have supposed, 100 times that of the piston p, it will re- 
qnire a pressure of 100 lbs, on p to balance 1 lb. on p. Thus 
we have another simple machine, like those commonly called 
mechanical powers, and described in Statics (iV.) And this 
hydrostatic power, no letts than the others, depends on the prin- 
ciple of virtual velocities; for it is evident that if the piston j) 
be pushed in through any given distance, the 100 times 
larger piston p will be thrust out only ^L of that distance, so 
that whatever may be the gain of power, it is bought by an 
eqaivalent loss of motion. Used as a press (Bramah's press) 
this machine has some great advantages over the wedge or 
tbe screw, as its mechanical efficacy can evidently be increased 
to slmoat any extent without any proportionate increase of 
friction or complication of parts. 

161. Now it must be evident that tliis property can be la no 
way altered by conferring weight on the liquids under con- 
aideratioo, except that additional forces arising from the 
mutual weight and pressure of tbe particles have to be taken 
into account. Whence it follows, that in order for a liquid to 
be in equilibrium, Jirst, every point of its surface must be 
perpendicular or normal to the force which acts upon it ; 
and, secondly, each individual pariieie of the liquid must 
experience equal pressures in all directions. 

J62, With respect to the first coiid\\.WQ Q^ t'^'Jfi«i«ssa^'S**. 



lOB BORFACfiS' C* LIQMDS ARE 

US suppose the surface is not perpendicular to the force wLicli 
nets upon the liquid particles ; that this surface follows tht 
j^ y^ direction a c de, fig. 74, while the force 

t f f '" ""^ direction of the vertical lines VR 

h-t~| 1"! In 6uch case a liorizonlal layer id ml 

fi' i^<j"e"| ^^ pressed by tbe weight of all the pai 

I I ! II above it ; and thia pressure being, 

1^ P- t-l J^i's seen, transmitted laterally, the molw- 

^^^^^^^ cule d, for esample, would be thrust out bf 

this lateral pressure, since there is no couD* 

terbolancing pressure on the opposite side ; it is thrust imdtk' 

nnd another particle occupies its place, which, in its tun^. 

is also thrust aside, until at length the particles forming tiis 

the curve acd liave fallen into the depression de, and ttl». 

whole surface is become horizontal. The same process wouU 

take place with any other portion of tbe liquid above tH' 

horizontal surface, and there can be no equilibrium 

there are no more particles to descend ; when such is tin 

case, they are all ranged in a plane normal to the force. 

* From thig law arises not onl; the genersll; level or hodEOutaT eait' 
fafo of liquids at reat, bat also all the deviations from ijach a IsreU 
Thus the surface of water commoQly rises with a concave slope where it 
meets the side of the vesBcl, because tbe particles very near the solid 
attracted b; il aa well as hy the earth ; and tha resoltaDt of tlie two 
attractions ia therefore not vertical, but more and more inclined in 
approaching the BoUd wall ; and the liquid surface iseveiTwliere at light 
angloi with this reaullant. Ifj however, the solid be less than lud/ u 
denee as the liquid, the extreme particles will be more attracted by tha 
liquid on one side than by the solid on the other, so that the Rtgallant 
will incline the contrary waj, and the surface will be depreeted instead 
of raised, and convex instead of concave, as happens with mercni; reaV 
ing against glass, or water against a drj cork; but if the cork be pre- 
viously wetted, the liquid film adhering to it will have the some eflent 
as a denser solid. Many other enrioua effects of this kind are claned 
raidertha term capillarity. (See " Introduction to Natural Philosophy," 
p. 39.) Widely contntated in scale, but similar in principle to these, 
are the eSecls mentioned in our lest chapter. The general suriaoe of 
/ifl tJcean, acted on at once hy two force* tgiaiiVJ W«iw&a toa esi^* 
ixaire, and centrifugal force from bet tti\a>,TQ.-a».\., M, m6t^ ■5sim.'s,,\i 
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of a cylindrical vessel, sueli 
Fig. 7B. 




163. From the principle of equal pressurea, as well as from 
the firat condition of equilibrium in liquids, many important 
consequences are obtained. For example, tlie pressure of 
"■water and other liquids upon a given surface, is in proportion 
jointly to the magnitude of that surface and to the mean 
height of the liquid above that surface.* This truth is 
readily understood in 
as No. 1, in fig. 
75, but it is not 
BO evident in the 
vessels No. 2 and '~^ 
No. 3. All three p= 
vessels contain 
"veryunequalquan- 
tities of water ; 
they differin every ^ 
respect except be- 
ing of equal height and base ; and in each case the same 
amount of pressure is exerted on the base without any 
regard to the bulk of the water. Hence we may estimate 
the pressure of a fluid upon the haae of the containing vessel 
'by multiplying its height into the area of the base, and this 
product by the density of the fluid. In the vessel No. 2 it 
will be seen that the bottom bears only the column of fluid 
denoted by the dotted lines, and which ia exactly equal to 
the whole fluid in No. 1. But however paradoxical it may 

perpendioalar to their resultant (i.«. to'the directioa of tbe plumb-line), 
and hence becomes & apberoid, flattened towards the polea. So ilso 
in the lides of s whirlpool the liquid surTace ia sloping, beeauee the 
resollant of giavhj and centrifugal force ia sloping, as would be sfaown 
bj a piumb-lino in a vesBel carried ronud the whirl The moon's attrac- 
tion, l*)o, eombines with that of the earth to produce a. remltant which 
Is not ttlways vertical; and thus the mobile antface of the ocean, con- 
stantly seeking an equilibrium which it cannot find on account of the 
noon's motion, ia alternately raised Bod deprCBsed, and prodm 
petiodical oBcillationa of the tides. 
■ That is, its height above the centre o/ gra-ciiij d^ ■Oac »«^ 
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appear, it is no less true, that the base of No. 3 bears apres* 
sure exactly equal to this same weight of fluid, although the 
whole vessel does not contain so much, 

164. Some curious results may be obtained bj the opera- 
tion of this law. Let a vessel a, fig. 76^ 
full of water, have a slender tube b screwed into 
it ; on filling the tube with water to a certain 
height the vessel will immediately burst: and the 
height, of the fiuid necessary to effect this result 
will be exactly the same, however large, or how- 
ever small, the tube may be ; so that the weight 
of a single ounce of water, if piled high enough, 
may burst the strongest vessel. Suppose the 
bore of the tube to be one-twentieth of an inch, 
then, whatever pressure is transmitted through it, 
an equal pressure will be borne by every space 
one-twentieth of an inch in diameter throughout 
the interior of A. Now a square inch contains 
about 530 such spaces ; so that an ounce of water 
poured into such a tube would exert a pressure of 
530 ounces, or 33 pounds, on every square inch 
of A ; a force which few vessels, except steam- 
boilers, are made capable of resisting, 

165. Thus the whole interior surface of a vessel 
is subject to an enormous pressure in consequence 
of the manner in which liquid pressure is trana- 
mitted. And not only the interior surface, but 
the liquid particles also in every part of the 
vessel, are subject to corresponding pressures. 
In the interior of the liquid mass contained in 
the vessel shown in ^g, 77, let us imagine a 
layer 1 1 parallel to the surface s s. All the particles of this 
layer are evidently pressed by the mass of liquid above 
them ; they are, as it were, under the pressure of a liquid 
cylinder ss IL But it is important to observe that this 
pressure from above, downward^, \a> \>7 ^^ Y'^vEkKv^^ ^ 
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iction and reaction, exactly equal to that 

Brom below, upwards; and the separate 

molecules of this layer 1 1 are lielil in 

^nilibiium by these equol and opposite 

[ireBsurep. Now, in limiting our attention 

^o a portion only of this layer, a b, it will 

be seen that the surface ab is at once 
sed from above, downwards, by tlie 

Uquid column c d b a, and from below, 

lipwards, by a precisely equal force ; bo that if a solid were 

plunged into the water whose base esacily occupied a b, 
pressure would act upon the aoiid from below, upwards, 

tending to drive it out of the liquid. 

166. This will be clear from the followinf; experiment : — 
tolerably large glass tube (, fig. 78, ground flat at its lower 

[extremity, is closed by means of a glass plate or valve v v, 

jrom the centre of which proceeds a string 

lip to the top of the tube. If the surfaces 

ijw tolerably smooth, tbe valve will close tlie 

tube water-tight on pulling the string. On 

}Dwering the tube thus closed into the ves- 

K1 of water A B a D, the thread can be let 

go, because tlie valve will be upheld by the 

npward pressure of the water ; and that 

tluji pressure is equal to that which it 

would sustain at that depth from a column 

«f water acting from tlie surface, down- 
wards, is proved by pouring water into the tube, 

Boon as the interior level approaches the exterior a a, 

the glass valve is pressed from above as much as it was 

before pressed from below, and it then falls to the bottom 

the vessel by its own weight.* 

• Or rather by the difference between its weight and that of an eqnal 
tnlk of irafer, for it cannot descend without nusing aueh a quantitj of 
•crater, just as the heavy arm flf a baluieQ eMiftQ\,4(»ceft4'^nSnK>fi.i:'ii*- 
itliB tbe lighter ana, ~~ 
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167. The pressure, then, upon a giyen surface, is fheBsme, 
whether it face upwards or downwa^s ; and maj also be 
proved to be the same in whatever direction it be turned, 
provided its centre of gravity remain at the same depth belaw 
the liquid surface ; for this pressure is equal to tbe weight 
of a column of liquid whose base is fhe given surface, and 
whose length equals the depth of its centre of gravity. 

168. In water, the pressure on anj surface at the deptii of 

1 foot is equal to nearly half a pound on the square inch* At 

2 feet deep it is about 1 lb. At 3 feet ^e 1^ lb. At4feetB: 
2 lbs. At 5 feet s= 2| lbs. In a cubical vessel full of a liqoi^ 
the pressure on any one side is equal one^-half the pressure 
on the base ; for the bottom sustains a pressure equal to the < 
whole weight of the fluid, and the pressure sustained by each 
side is equal to the weight of a mass as long and broad as 
that surface, and as deep as its centre, and, consequently, 
equal to half the contents of the vessel. Hence we get the 
remarkable result that, in a cubical vessel, a liquid produces 
a total amount of pressure 3 times as great as its own weight; 
for if this equal 1, and the pressure upon each of the 4 sides be 
equal to half that upon the base, 4 x | = 2 and 2 -{- 1 b 8. 

169. In a liquid mass such as we have been consideringj 
there is a point called the centre of pressure^ where all these 
pressures are equally balanced. This point is always lower 
than the centre of gravity. In a vessel whose sides 9xt 
parallelograms, the centre of pressure is at the distance of 
one-third from the base. In a wedge-shaped vessel resting 
on its base, the centre of pressure is at one-fourth of the ver- 
tical, reckoning from the base ; but if such a vessel stand on 
its apex, the centre of pressure then bisects the vertical 

170. When a number of vessels conununicate with each 
other, whatever be their form or size, the same conditions of 
equilibrium apply to the fluid contained in them as to a single 
vessel. In the first place, the surfaces of the fluid in the 
vessels are ail Jei>el; and, secondly , l\iey «cc^ ^\l at thA ^ams 

level, provided the same flluid be \xse^» Tl\vw%> ott ^^^J^i^^'t. 




LIQUID LEVELS. 

'. vessel A with water, or 
ury, or any other fluid, it 

exert a pressure on the 
tube, near the bottom, equal 
B area of the tube x by llie 
lit, X by the density of the 
; and, on opening the stop- 

c, this pressure will c&nse 
iuid to ascend into the small 
^launtilit attains the same 
. as in A, when equilibrium 
be established, because the 
ir in B, presses upon the same epace at c 
uB same height. 

'1. After what has been said, it is scarcely possible for the 
er to ask a not uncommon question : " If water presses 
lly in all directions, why does not the large mass in a 
B the am^ mass in B to ovei^ow F" A man who was 
ing a solution of the absurd me- 
lical problem of perpetual motion, 
< asked himself this very question, 
constructed a vessel of the form shown 
:g. 80, supposing that the large mass 
fater in the vessel would force the 
T along the narrow tube and raise Jt 
ts extremity, where it would flow 
. into the larger division perpetually 

was, however, greatly surprised 
tee the fluid in both divisions settle at the 




'2. If fluids of different densities, such as water and mer- 
', be made to communicate, the height to which they will 
in the limbs of a vessel such as ab, fig. 81, will be re- 
lively in the inverse ratio of iheir densities. If the bend 
rst fiiJed with mercury, and water \ie vWn ^witfe4\sAo » 
ama of that fluid, 13,6 inches hv^b, wVi \iei -awjasBXl 
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Fig. SI. to balance 1 inch of mercury in b, m 
being 13ro times denser than water. It i 
not bow unequal in bore may be tb 
brandies of the tube : if the expcrimeot 
pealed in such an apparatus oe fig. 79, the 
will be the same, whether the mercury 
A or in B ; the whole height of wate 
always be 13.6 times that of the higher i 
rial level above the lower. This affords a 
illustration of the principle of the ban 
for which see " Kudimentary PneumaticB.' 
173. The densities or xpecific gravities 
fcrent bodies are usanlly compared with 
as a standard on what is sometimes called the princ 
Archimedes, namely, that when a solid is immersed in i 
it displaces a quantity of the fluid exactly equal to il 
buU^ If the quantity of fuid thus displaced be ] 
tiian the solid, the solid will sink in the fluid ; if it be 
same weight, it will rest indifferently in any part of the 
if heavier, it will float in such a manner as to displae 
as much fluid as may equal its own nieight. But con 
our attention to the first case (of a body that sinks), thi 
thus immersed in the fluid apparently loses a portion, 
weight exactly equal to that of the fluid displaced, i 
following experiment will prove. A solid cylinder of < 
s, fig. 82, exactly fitting into a hollow cylinder o i 
same material, are both suspended from an arm of a bt 
and brought into equilibrium by weights in the op 
flcale-pan p. The solid cylinder is allowed to dip ii 
empty glass. On filling up this glass with water, so ai 
pletely to immerse the solid cylinder, the scale-pan ] 
sink down in consequence of the apparent loss of weij 
the cylinder s. Now, on filling up the hollow cylii 
with water, the balance is restored. Thefiuid support 
is given to b Ja represented by the weight of the wale 
required to restore the equiUbvium o^ iW\i'(\q,ii'» -, «: 
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Eactlj fits inlo C, the bulk 
f water poured into c must 
actly equol to tliat 
displaced by s. And this 
would be true, whatever 
Blight be tlie material of s, 
■whether gold or cork. If it 
■were coi'k, it would appear 
. more than its whole 
.■weight, or to acquire, when 
Braed, a levity or up- 
ward tendency, which, how- 
evdr, is still found to be 

lutralized, and its exact 

aight restored, by filling 
It is scarcely necessary 
to observe, that oU apparent 

inetances of a tendency the reverse of gravity, as in smoke, 
.balloons, &c. are only effects of this kind depending 
pressure of the surrounding fluid, which must be denser 
than the rising body. 

174. In ascertaining the specific gravity or density of a 
-solid denser than water, it is Hrst weighed in air and then in 
water. By subtracting the weight of the substance in water 
from its weight in air, and dividing the latter by the differ- 
ence, the product will be the specific gravity required. For 
example, a piece of gold weighs in air 77 grains, and in 'water 
73 grains; then 77 — 73 = 4 ; and f = 19^. The propor- 
tion, therefore, of tlie weights of equal bulks of the metal and 
the water, is 77 to 4, or 19^ to 1. 8o that gold is 19^ times 
heavier than its own bulk of water ; and this number is 
called the specific gravity or density of gold. It is obviously 
unimportant how much or how little be taken, — the specific 
gravity will be the same. It is equally unimportant whether 

9 standard of comparison be taken aa \ ot \Wft- "%>.'■«. 
aeual, however, to write the ■value oS \^ie 6\aiiias^ 6RKv«i^^'i- 
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thus — 1.000. When, therefore, we say that the specific 
gravity of gold is 19^, or 19.25, we mean that a quantity 
of water weighing 1 is exactly equal in bulk to a mass 
of gold weighing 19J. The specific gravity of cork is only 
0.24 ; that is, the mass of water which any given balk of 
cork displaces on being plunged into it, is rather more than 
4 times heavier than the cork. The specific gravities of 
liquids are taken by means of a bottle capable of holding 
exactly 1000 grains of water at a given temperature (sndi as 
60» Fahr.) On filUng this bottle with proof spirit, it wiU be 
found to contain only 837 grdns ; ^6 that .887 is the specific 
gravity of proof spirit. If the bottle be filled with sulphorie 
acid of commerce, it will weigh about 1845 grains ; and hence 
1.845 is said to be the specific gravity of this acid. In takiiog 
the specific gravity of gases and vapours, atmospheric aiitis 
the standard. 

175. When a hody floats on a fluid, it displaces a qtianti^ 
equal in weight to itself ; (when it iinksy it displaces a qlianti^ 
equal in bulkJ) Hence the conditions of equilibrium in float* 
ing bodies are two : — 1st. That the portion immersed : the 
whole bulk : : the density of the solid : that of the fluid. 
2d. That the centre of gravity of the solid, and that of the 
fluid displaced, are in the same vertical line. The equili* 
brium, however, may be stable or unstable ; and if stable, tiie 
body will, on being disturbed, return to its former position 
by a number of oscillations which are isochronous, like those 
of the pendulum ; and their times depend on the position of a 
point called the metacentre, which has the properties of the 
point of suspension in pendulums. When the metaeentre 
is lower than the centre of gravity of the whole body, the 
equilibrium is unstable: otherwise it is stable. 



Pakt it.— hydrodynamics. 



176. The principles which regulate the motions of fluids are 
cunsidered in the fourt)) division of Mecbanics, called Hydro- 
dynamics, or Hydraulics. Thia subject is oae of great coqj- 
plexity, on account of the facility with which a fluid mass is 

'•et in motion by the disturbance of a few only of its particles ; 
iuid the resulting motions are modified, either in their velocity 

or in their direction, by so many causes, tliat it is difficult to 
.anticipate or explain the various phenomena which Hrisei 
'There are, however, in this science certain fundamental laws 

which go far to generalize the phenomena. 

177. The sides of a vessel containing a fluid are subject to 
two opposite forces — one arising from the hydrostatic pressure 

>«f the fluid, tending to burst tlie vessel outwards; the other, t!ie 
I Ktmospbetic pressure, or that of any other medium surround- 
' ing the vessel, tending to burst the vessel inwards. If an 
opening be made in the side or base of the vessel, the liquid 
will flow out, provided the interior pressure be greater than 
the exterior. In the common trick of covering a glass quite 
full of water with a piece of paper, and inveriing the glass 
without spilling the water, the atmospheric pressure is 
greater than that of the water, and would continue to be so 
if the glass were 3S feet in deptli. If the mouth of the 
glass be small, as in a narrow-necked phiaJ, no paper need 
be used, for, on inverting it, the pressure of the air on the 
mobile but narrow surface of the fluid will prevent it from 
flowing out n-itJiout dividing, wblct. via cobe&wiQ ■^te,'^«a\*' 
from doing. Jf the neck be enlarged, fbe Mt,\ie\w^%a' 
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lighter than the water, will force a passage up through it, 
and break up the liquid column. But if an opening be 
made in the top of the vessel, the liquid will flow smoothly, 
as if no air were present ; for the atmospheric pressure, toge- 
ther with that of the fluid mithinf is opposed to the atmo- 
spheric pressure alone without ; and the motion is produced 
by the difference of these pressures, viz. that of the liquid 
alone. 

178. In theexamples which we are about to consider of liquids 
escaping from an orifice, the flow will result from excess of 
pressure, and not from the breaking up of the liquid column. 
But, in order that results may be comparable, it is necessary 
that the surface of the liquid in the containing vessel be 
maintained at the same height by some contrivance which 
shall add to the vessel the same amount of liquid as flows 
from it. In such case, neglecting all mechanical obstacles 
arising from friction and other causes, the flow of liquids 
from orifices in vessels obeys the force of gravitation, and 
their motion becomes accelerated, according to the law 
already noticed for falling bodies (p. Ill ). The expression of 
this law, know as TorricelWs theorem, is, That particles of 
fluid, on escaping from an orifice, possess the same velocity 
as if they had fallen freely in vacuo from a height equal to 
that of the fluid surface above the centre of the orifice. 

179. Now, as we have already seen (p. 108), that all bodies 
falling from the same height in vacuo, acquire the same 
velocity ; the flow of liquids from an orifice does not depend 
upon their densities, but only on the depth of the orifice 
below the level of the fluid. Mercury and water, for exam- 
ple, flow with the same velocity when they escape by similar 
orifices at the same depth below their levels ; for although 
the pressure of the mercury is 13| times greater than that of 
the water, it has ld| times as much matter to move. 

180. We have seen (p. 113) that the velocities acquired by 
falling bodies are as the square xoota o^ \)afe\kfc\^va.\ ^"^yss. 

order to produce a twofold velocity, a^o\xTio\^\ia\^V\&\i^^5»i* 
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lary, &e. ; so also in the escape of liquids from afl orifice, tlia 
'elocities are oa the square roots of the depths of theorificea 
lelow the surfnce of the fluid ; so that, if we wish to double 
Sie velocity of discharge from the same orifice, a fourfold 
lepth is required ; to obtain a threefold velocity, a ninefold 
^essurejs necessary, and so on.* 

181. When aveasel with vertical aides is allowed to empty 
tself by an orifice in the bottom, the quantities flowing out 

iccessive equal intervals are as a diminishing series of 
jdd numbers, (as 9, 7, 5, 3, 1,) or as the spaces described in 
Bqoal intervals by a falling body, taken backreards. 

182. In such eases there forms, after a certain time, a hollow 
lepression on the surface immediately over the orilice ; this 
Increases until it becomes it cone or funnel, the centre or 
bwest point of which is in the orifice, and the liquid floivs- 
In lines directed towards this centre.f Of course, the issuing 
Itream or vein is vertical if the orifice ia at the bottom of the 

3I, or it describes a parabolic curve if the orifice is at 
Bie side. In either case it moulds itself, as it were, to the 
form of the orifice, and extends to a considerable distance 
before it scatters and divides into drops. Between the mouth 
of the orifice and the point where it begins to divide, the 
liquid vein has a permanent form, and a polished surface ; and 
notwithstanding the rapid motion of the liquid particles 
Trhich succeed each other incessantly, the jet has the appear- 
ance of a perfectly motionless rod of glass. At the com- 
mencement of its course, the vein is of the same diameter as 

irifice, hut for a short distance its diameter grows less, 
forming what is called the vena contractu, or contracted 

because (in sn equal time) thrice as much matter has to be mored 
irilh thrice as much velority. 

f In 1Mb state of the liquid a rotary motion is vary easily imparted 
ti] it by the imallest impulse, and rapidly inoreaaflH, becanse all the par- 
tides are approaching the centre ; and by virtue of tbeir inertia they tend 
io m^nlaia the ttame velocity whieh they had in a larger circle, «a that 
tbeli- sngTiIsr Kcloeitj (or She namber ot revoMiona m ».S"«^*°^"'* 
eaaatoDtly increased. 
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vein of fluid, (fig. 83). The reason 
'^ ' contraction appears to be, that aa th 

L^M^^^ ^M particles approach the orifice, thi 
t^ ' " • ^^^1 Terfie to a point beyond it, so tl 
Lg-^^ . ~^^| liquid column in escaping must nee 
^^^— I le nairower or raore contracted 

i^^i i point towajilfl which the motion 

I^"^!'/*"" liquid converges, than it is either 
i| It arrives at that point, or after 

jy passed It. The greatest contraction 

Di fiuiJ ^eto is at a distance Jrom the 

' equal to half its diameter ; the dian 

the cODtractAd portion bting to that of the orificB at 
Hence the real discharge of fluid is only j, or about 
the theoretic diBcharge, or that which would take pl»& 
whole orifice tranBioitted fluid with the velocity of i 

I that had fallen from the surface. 
183. The division of the vein at a certain distance fr 
orifice is not produced only by the presence of the 
takes place in racwo, and is the result of the acceleratii 
to gravity. The effect of this acceleration is best set 
stream of treacle, which tapers downwards, because th 
(or quantity passing in a given time) must be equal 
points of the stream, so that wherever the vetocittf is g 
than at another point, the size (or iectional area) i 
stream must be diminislieii in the same proportioi 

» water, however, the cohesion is not of such a kind 
admit of this tapering ; but each portion, when it h 
quired a certain velocity, tears itself away from the si 
(forming a drop,) and leaving the stream, which hai 
forcibly elongated, to contract again, till another d 
detached. Thus each drop is subject during its fall t 
^^ tain periodic vibrations, by which it alternately eloJ 
^1 and contracts. A series of pulsations, also, occurs : 
^H oriBce, the number of which ia in the direct ratio c 
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peter of the orifice ; they are often sufBciently rapid to 
Iroduce A dislinut musical Bound. If a note in unison ivith 
Biisbe played oa a musical insltuuient at such a distance as to 
be scarcely nudible, the acriul pulses thus produced have a 
^larked effect on the vein in shortening the hmpid part. 
I 184. When & tube is added to the orilice, the flow is accele- 
Imted if air be present, for the reason explained in " Eudimen- 
|ury Pneumatics," p. 32 ; but, in vacuo, no such acceleration 
lakes place. The most remarkable and useful result, however, 
ef the experiments on the flow of water through pipes, is the 
■BscoTery that it may be accelerated by merely giving par- 
ticular forms to the commencement and termination of the 
|>ipe, witltout altering its general capacity. A 4-Inch pipe 
■of any length) may he made to deliver considerably more 
■rttter, if its first 3 inches and last yard be enlarged coni- 
JBally, than if they were cyhndrical like tbe rest of the pipe, 

185. One of the most intricate subjects to which the laws of 
^notion have yet been applied deductively, is that uf liquid 
jtvaves. When any portion of a liquid surface is raised above 
'9r depressed below the rest, we have already seen (162^ 
'that it will return to the general level, but in so doing 
^ acquires a velocity which necessarily carries it beyond 
ftbe position of equilibrium, and thus produces a series 
Wf oscillations, wliicb are communicated in every direction 
lOver the liquid surface, each portion receiving its motion from 
ttliat preceding it, and therefore arriving at ench pliase of its 
'oscillation a little later than the preceding portion ; whence 
wises the appearance of a form travelling along tlie surface, 
which form we call a teave. Each wave contains, at any 
one moment, particles in all possible stages of tlinir oscil- 
lation, some rising, some fulling, some at tlie top of their 
yange, some at the bottom ; and the distance from any 
row of particles to the next row thut are in precisely the 
nune stage of iheir oscillation, is called the breadth of a reave. 
•Novf as these oscillations are caused bj t\ve ioviw, oS. ^w&-i, 

r may expect some analogy between vW\\\a*% mv\'0w3W.«S- 
pendulum, and accordingly, -wWn. \^ei aLe5>JQ. 
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liquid is disregarded, or considered as unlimitedy the ware- 
breadth, (like the pendulum-leDgth,) varies as the square <^ 
the time of osciUatioii ; so that the time which ehipses between 
the arrival of the crests of two successive waves at a fixed 
point, is as the square-root of the distance between them, or 
the distance which either of them travels over in the said 
time ; hence it is easy to see that their velocity varies as 
the square-root of their breadth. For instance, if a certain 
buoy be observed to rise and fall twice as often as another, 
the waves which pass it must be four times as broad as thoee 
which pass the other, but as they travel over this quadruple 
distance in only double the time, they must evidently move 
with a double velocity.* When the water, however, is so 
shallow that the waves are affected by the form of the bottom, 
the simplicity of these results gives place to an extreme 
degree of complexity. The use of these investigations lies 
in their application to the tides, which may be regarded as 
waves of moderate height, but enormous breadth and velo- 
city, the time of oscillation being half a lunar day, and the 
velocity sometimes 1000 miles an hour. 

186. To Hydrodynamics belongs, also, the theory of such 
machines for raising water as do not depend on atmospheric 
pressure. Such are the water-screw, invented by Archi- 
medes, the endless chain of buckets, the hydraulic belt,']' &c.; 

* The velocity of waves that run in the same or the opposite direction 
with a ship, may be ascertained by means of the log, or any other float- 
ing body, attached to a known length of cord. By noticing the time 
that elapses between the lifting of this body, and that of the ship's stem, 
by the same wave, and adding or subtracting the way made by the ship 
during that interval, we find the time which the wave takes to travel the 
length of the cord. In this way it has been found, that in the open 
ocean, some waves travel at the rate of 80 miles an hour; the breadth of 
such waves is sometimes a quarter of a mile. The utmost difference of 
level is found by measuring how high above the ship*s water-line an eye 
must be raised to have an uninterrupted view of the horizon. No 
authentic observations of this kind give more than 25 feet, even in the 

ffreateat atoima, 
f This machine, the use of whicbTi«i&>jeei^teN\N^^^'0o:\\i«.\<s«-3^^ 

' — of the moat efficient of water e\eya\«Tft,'Sftt\^^^mQ^^\s«jr^\V»i^Ns 
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but perhaps the most ingenious of these is the water-ram, by 
which a stream of water descending a small depth is made 
alternately to open and close a valve, at each shutting of 
which, a portion of the water is driven up another tube, to a 
level considerably higher than that from which it originally 
desceiided, and is then retained there by a valve. 

187. To this science also belongs the application of the power 
of streams and waterfalls to useful purposes. There are five 
chief means of effecting this, viz. by the undersliot wheel, the 
o»wi/iO( wheel, the breast wheel, the horizontal water-wheel, 
and Barker's milL The first two are too well known to 
require a description, but we may observe, that the overshot 
wheel is always the most advantageous where the height of 
the fall is sufficient to admit of its use. The smallest rilt 
may be applied in this manner, but the undershot wheel 
requires a considerable body of water. The breast wheel 
unites, in some measure, the advantages of both, and is appli- 
cable to falls of a medium height, as it requires only a fall 
equal to its radius, and not to its diameter, as is the case 
with the overshot wheeL This wheel is formed with plain 
floats like the undershot nheel, but the water enters at the 
level of ita asle, and descends round one quadrant of its 
circumference, which is enclosed for this purpose in a sort of 
box of masonry. The horinontal water-wheel is used in 
some parts of France, and is the most applicable to a small 
fall, and a small quantity of water. Its floats are set diago- 
nally, and may receive the water at one or at several points 
of ita circumference at once. Barker's mill acts on a different 
principle from any of these, and has not yet been applied on 
a large scale, though experiments made on models have 
in its action. In its ancient form it conBiat«d of & outnberof hatrropeH, 
for which a, band of fl&nnel, or felt, is aon Hubatitutcd, putsing over 
tiro ntllera, one at the top, and the uthcr at the bottota of the well. By 
means of tho upper roller, it ia set in very rapid motion, nbon the water 
adheres to itg aurfoce in a layer which ie thicker the ia.vc% x'cxji^&^S.v. 
Djoree, and becomes nearly half an vncli ttiit\t. -wVcti \.\if«Atiii\.-? '■*! 
1000 feat per minute. It follows tlia taQA Vo stu-j ^i*^^. w^^ '^ 
thrown oS'lj-centrifaga] force, in tumuig o\ei ftie w^^t i<».tT. I 
i I 
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shown it to be the least wasteful of all modes of applying the 
power of a waterfalL It consists of an upright tube, from 
the lower end of which proceed two horizontal branches 
closed at their ends, and giving the whole the form of an 
inverted j,* "^^ apparatus is movable on a vertical axis, 
and water is admitted at the top through a funnel ; of course, 
this will produce no motion, because the pressures against 
all parts of the interior balance each other: but suppose a 
hole to be made in one side of one of the horizontal arms, 
the water flows out, and the pressure on that surface which 
the hole occupies is removed. Hence the pressure on the 
opposite side of the tube is unbalanced, and causes it to 
recede in the direction contrary to that of the issuing stream. 
A similar hole in the other arm doubles the effect. 

188. In all water-wheels it is a constant rule that the greatest 
mechanical effect will be produced when the velocity of the 
parts driven is just hedf that of the stream driving them ; 
and this is a most important principle, applicable also to the 
sails of windmills, and ships, and the paddles of steamers. 
It is obvious that the pressure of the wind or water on any 
of these bodies diminishes as their velocity approaches that of 
the current, so that if it were possible for a water-wheel to 
revolve with exactly the velocity of the stream, there would 
be no pressure on its floats, and, consequently, no power to 
drive any other machinery. On the other hand, the pressure 
is at a maximum when the wheel is standing still, but then 
having no velocity, it is also powerless. As the power then 
is proportional to the product of the pressure and velocity, 
it is greatest when they have each their mean value, that is, 
in the exact medium between these two states, — rest and 
motion with the current, — ^in other words, it is greatest when 
the velocity is halfi^iaX of the current. 

THE END. Yt^ V*' 
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